
A.T.E.I.

:

: .

 2007 



- 2 -

��

.��

(Engineers Council for Professional Development) 



- 3 -

o . .  M. 

.

.



- 4 -

.

.
 FORTRAN 90/95 

. ,

.



- 5 -

..................................................................................... .

3
4

..................................................................................................................... 7  
.................................................................................................................... 10 

.................................................................... 10 
....................................................................................................... 14  

1
19

2
24

2.1 ............................................................................................... 24 
2.2  .................................................................... 30 

3
35

3.1
.......................................................................................................... 36 

3.2 .................................................................................. 39 
3.3   (6 ).......................................................................... 39 
3.4   (7 ).......................................................................... 51 
3.5 -  (Successive Over 
       Relaxation [S.O.R]) ............................................................................................. 53 
3.6 ......................................................................... 57 

4
58



- 6 -

5
62

5.1   (7�) 
 W1, W2. ...................................................................................... 62 

5.2  W1............................................................................................. 63 
5.3   (6�) 

 f1, f2 ............................................................................................ 64 
5.4  f1 ............................................................................................... 65 
5.5  W2............................................................................................. 74
5.6 ................................... 122 

6
139

6.1.1  W................................................................... 139 
6.1.2  W ......................................................... 140 
6.2.1  f1 ............................................... 143 
6.2.2 .............................................................. 144 
6.3 .......................................................... 150 

154
1. -

. ...................................................... 154 

2.  W, 
 f. ........................................................................................... 161 

167



- 7 -

.  : 

)

.

.

.
, ,

.
,

, ,
, ,

, .

.

.

.
.

B)

 (Pedley 1980). 
.

-

.

.
.



- 8 -

 1: 

.

. ,
.

 2: 

.  , 
. , ,

,

 (Pedley). 
.

,

.



- 9 -

 & ,
Choi & Park. 

 Reynolds .
.

 ( )
.

,
.

Erdogan & Chatwin (1967),  Dean ,

 Reynolds
.

,
.

.
.

�
.

.

.

:

a)
b)

.

,
.

.
 (Flaherty 1972). 

,
.

.



- 10 -

.
, .

.
.

,
.

.
,

.  1800 

Evangelista Torricelli  1643. 
.

Isaac
Newton. Leonard Euler

.  Euler 

.
,

.

.

 Bernoulli 
 Daniel Bernoulli. H 

.

.  Bernoulli 
,

.
.



- 11 -

zV

 3: 

. ,

1839 Jean 
Leonard Marie Poiseuille,

1840 Gotthief Heinrich 
Ludwig Hagen.

 1827 Claude Louis 
Navier. O Sir George Gabriel Stokes 1845

.
Navier - Stokes

.
.  Bernoulli 

.

.
 19

.
. 1883

Osborne Reynolds
.

 ( )
.



- 12 -

 ( )
.

 4 : 

 Reynolds 

Reynolds. ,

VDRe

. 2100
.

.

.

 1866 
.

 19 .

Otto Lilienthal  18

Orville  Wilbur Wright  1903. 
,

Ludwig 
Prandtl 1904



- 13 -

.

.

.

 5: 

 Navier-Stokes

.

Theodore Von 
Karman, Richard Von Mises

 sir Geoffrey Ingram Taylor.

V.

Charles Algernon Parsons
Carl Gustaf Patrik de Laval 1880.

.
Jet 1930.

. 19
Prandtl

.



- 14 -

.
.

.
, .

.
 20  C  293  K  344,65[m/s] (1130 [ft/s]). 

 (
),

.
 Mach 
.

Mach M>1. 

 (CFD) 

,
.

.

.

( )

.
,  Navier-

Stokes ,
.  Navier-Stokes, 

.
,  0  Navier-Stokes 

 Euler. 
 Navier-Stokes. 

, ,

.
.

 � �.
.  L. Prandtl  1904 

 Navier-Stokes 
.



- 15 -

( )

.
 (

Navier � Stokes) ,
� .

 ( )
.

,
:

i)  (the finite difference 
method)

ii)
(the finite element or finite volume method)

iii)  (the boundary element method)

 (
)

 ( ) .

.

:

i)
 (computational fluid dynamics  CFD) 

.
 ( , .) 

.

.

.
,

. �
 ( )

.



- 16 -

 6:  (CFD-
22, College of Engineering, Iowa State University, 1990.)

 7: 
. .

. (CFD-22, College of Engineering, 
Iowa State University, 1990.)

ii)  ( )
 (

.  ( ,
)

. ,

 ( ) .
 (

), 
.  1000 

 10000  50000 .

:



- 17 -

 8: 
CA 0012  Reynolds 10000, 

 Mach 0.075  1,5  . (  CFD , 
 Concordia, , )

iii) ,
( )

, ,
.

 9: .

.
,

.

,  ( )
�

.



- 18 -

,
, .

,  (
) .

.

.



- 19 -

 1

,

.

(Thomson 1876, 1877, [2],[26]). Grindley & Gibson 
(1908, [2])

. Williams 
(1902, [2],[7],[26])

.
Eustice (1910,1911, [2],[26])

.

.
 ( )

(Squire & Winter 1949, [2], Hawthorne 1951, [2],[26]).
,

.

 Dean 
 Poiseuille 

.
(Dean 1927 [3]),

.
,

(Dean 1928, [4])
K

L
aRK 22 : R:  Reynolds 

a:
L:

 576. 
 1927 

 576. 



- 20 -

White (1929), Taylor (1929), Adler (1934) 
([2],[6],[7],[15],[17],[26],[6],[23],[25])

�
. ,  Reynolds 

 2000, 
 2 .  Taylor 

/R = 1 / 31.9  Reynolds  5000. 
1,6x106

.
c / s

 White (1929) 
.  Dean 

 1/15, 
1/50  1/2050. 

 Reynolds  Dean 
2/1

L
rRDe .

 1/15  Reynolds 9000 .
 1/2050 

.  Adler 

.

Kapur et al (1964, [26])

.
.

.

Topakoglu (1967, [2],[6],[16],[26])

.
,

 Reynolds .

Topakoglu (1967, [2],[6],[16],[26])
,

.
 4 

.
, .

Mc Conalogue & Srivastava (1968, [12])

.
,



- 21 -

 �� ��
.

Truesdell & 
Adler (1970, [2],[6]) .

 Dean  200. 

.
. .

Smith (1976, [6],[2],[7],[20])
 Dean. 

.

Masliyah (1980, [7],[26])

.
Dean  105, ,

.

Dennis & Ng (1982, [5], [6], [7])

 4  2. 
 Dean 96 � 5000 

 Dean > 956 .
 2  4 

.

O  (1990, [9], [10])
.

.
Dean

.

Nandakumar & Masliyah (1982)
-
 4

 4
� .

 4
.

Dennis & Riley (1991)
 Dean. A

,



- 22 -

 Dean 
.

Choi & Park (1992)
.

,
.

Choi & Park (1994)
.

 Boussinesq �
.  Nusselt 

.  Nusselt 
( )

 Dean  Grashof 
 Grashof. 

 (1996, [15])

.
,  Dean. (1997, 

[16])

.

 4 . (1999, [17])

.  Dean 
 96  8000. 

 Dean 
.

.

.
�

.

.

 ( ).

:

i)



- 23 -

ii)
.

Ahn (2000, [26])
:

.
.

.



- 24 -

 2

 : 

 2.1 : 

2.1

,  (  > 1), 
.  L z.



- 25 -

L

r*,u
L

Z

 2.2 : 

: r*, , .

 u, v, w �  : 

 P , ,

:

u
*r

1
*r*r

v
*r

P
*rL

cosw
*r

vu
*r

v
*r

uu
22

            (1) 

u
*r

1
*r

v
*r

v
*r

P
*r

1
L
sinw

*r
uvv

*r
v

*r
vu

2

           (2) 

2

2

22

2 w
*r
1

*r
w

*r
1

*r
wP

L
1w

*r
v

*r
wu             (3) 

P .



- 26 -

:

u u 1 v+ + =0
r* r* r*

              (4) 

.

F :

Fur
*r

Fv            (5) 

 (5)  (4) :

0
*r

F
*r

1
*r

1F
*r

1F
*r

1
*r

0
*r

F
*r

1F
*r
1

*r
F

*r
1F

*r
1 2

2

2

2

 F. 

 u, v 

 u, v  (1) .

2 21 F 1 F 1 F 1 F 1 F w cos P
r* r* r* r* r* r* r* r* L r*



- 27 -

F 1 F 1 1 F
r* r* r* r* r* r* r*

22 2 2

2 2 2

2 2

2 2

1 F 1 F 1 F 1 F F 1 F w cos P
r* r* r* r* r* r* L r*r* r*

F 1 F 1 F
2r* r* r*r* r*

22 2 2

2 2 2

2 2

2 2 2

1 F 1 F 1 F 1 F F 1 F w cos
r* r* r* r* r* r* Lr* r*

P F 1 F 1 F
r* r* r* r*r* r*

2 2 2 3 2 2

2 2 2 2 2 2 2

3 2 2 2 2
2

2 3 2

1 F 1 F 1 F 1 F 1 F 1 F 1 F F
r* r* r* r* r* r*r* r* r* r*

1 F F 2 F F 2w w w Pcos sin F1r* r* r* r* L L r* r*r*

2 2 2 2 3 2 2

3 2 2 2 3 2 2 2 2 2

3 2 2 2 2
2

2 3 2

1 F F 1 F F 1 F F 1 F F 1 F F- + - + - -
r* r* r* r* r* r* r* r*

1 F F 2 F F 2w w w P- - - cos - sin = - - F1r* r* r* r* r* L L r* r*



- 28 -

2

2

22

2
2

*r
1

*r*r
1

*r1

 u, v  (2) 
r*  (1). 

F
*r

1
*r

1
*r

F
*r

1
*r

F
*r*r

*rP
*r

1*r

L
sinw*r

*r
FF

*r
1

*r
1*r

*r
F

*r
F

*r
1*r

*r
F

*r
F

*r
1*r

2

2

2

22

2

22

2

2

F
*r
1

*r
F

*r
1

*r
F

*r
*r

P
L
sinw*rF

*r
F

*r
1

*r
F

*r
F

*r
FF

 r* :

2

2

22

2

22

2

2

F
*r
1

*r
F

*r
1

*r
F

*r
*rP

*r

L
sinw*rF

*r
F

*r
1

*r
F

*r
F

*r
FF

*r

F
*r
1

*r
F

*r
F

*r
F

*r
F

*r
FF

*r
F

*r
F

22

32

2

2

3

3

2

22



- 29 -

P
*r

sin
*r

w
L

2w*rsin
L

w
*r

F
*r

F
*r

1F
*r
F

*r
1 222

2

2

F1*r
*rF1*r

2
2

2
2

 (1 )  (2 ):

:

coswsin
*r

w*r
L

2w
*r

FFF
*r
1

*r
F

*r
F

*r
1

*r
F

*r
F

*r
F

*r
1F

*r
2

*r
F

*r
1

*r
F

*r
1

*r
FF

33

3

2

2

2

3

3

3

23

3

32

32

23

3

F1*r
F2

1*r
*rF2

1*r
P

*r
P

*r
2

2

2

2

222

= F1*rF1*r
1F1*r*r

1F1*r
*r 42

2

2

2
22

2

2

 : 

F1*rcoswsin
*r

w*r
L

2wF1*r
F

*r
F 42        (6) 

4 2 2
1 1 1=



- 30 -

 u, v  (3) 

2

2

22

2 w
*r
1

*r
w

*r
1

*r
wP

L
1w

*r
F

*r
1

*r
wF

*r
1

2

2

22

2 w
*r
1

*r
w

*r
1

*r
wP

L
1

*r
wF

*r
1

*r
wF

*r
1

wG
*r

wFw
*r

F
*r

1 2
1            (7) 

P
L
1G 2

2

22

2
2

1 *r
1

*r*r
1

*r

2.2

 * 
 (8)  (6)  (7): 

Karr* ,
Ka
uU*  ,

Ka
vV* , fF* , w

Ka2
LW*

1/2

3          (8) 

2
2

2
1 Ka

1

 F= ·f :

f
Ka

f
r
1

r
f

r
1

r
f

Ka
f

Kar
1

Kar
f

Kar
1

Kar
fF1

2
2

2

22

2

22

2

22

2
2

2

2

2222

2

22
224

rKarrKarKaKa
1ff



- 31 -

 = f
Ka

f
r
1

r
f

r
1

r
f

Ka
4

42

22

2

2

2

22

4

 (6) :

cosw
Ka2
Lsinw

Ka2
L

rKa
Karw

Ka2
L

L
2

f
Kar

f
Kar

f
Ka

1/2

3

1/2

3

1/2

3

2
2

f
Ka

Kar 4
4

fr
Ka

cosw
Ka2
L

sin
r
w

Ka2
Lr

w
Ka2
L

L
2f

r
f

Ka
f

r
f

Ka

4
3

2

1/2

3

1/2

31/2

3
2

3

2
2

3

2

fr
Ka

cosww
Ka2
L

L
2sin

r
wwr

Ka2
L

L
2

r
f

r
ff

Ka

4
3

2

3

2

3

2
2

3

2

frcoswsin
r
wrwf

r
f

r
f 42 (6 )



- 32 -

w
Ka2
LW*

1/2

3 :

w
Ka2
L

rrKa
1w

Ka2
L

rKa
1W

1/2

32

1/2

32

2

2
2

1

w
r
1

r
w

r
1

r
w

Ka
1

Ka2
Lw

Ka2
L

rKa
1 2

22

2

2

1/2

3

1/2

32

2

22

w
Ka

1
Ka2
L 2

2

1/2

3

 (7) :

w
Ka

1
Ka2
LG

w
Ka2
L

r
f

Ka
w

Ka2
L

r
f

KaKar
1

2
2

1/2

3

1/2

3

1/2

3

r
w

Ka2
Lf

rKa
w

Ka2
L

r
f

rKa

1/2

32

1/2

32

w
Ka

1
Ka2
LG 2

2

1/2

3
2



- 33 -

w
Ka

1

Ka2
L

G
r
wfw

r
f

rKa
1 2

21/2

3
2

2

2Ka   :

wKa

Ka2
L

G
r
wfw

r
f

r
1 22

2/1

3
2

wKaG
L

Ka2
r
wfw

r
f

r
1 2

2

2/1

2/32/1

waKaGK
L
2

r
wfw

r
f

r
1 2

222/32/32/1

waGK
L
2

r
wfw

r
f

r
1 2

2/72/72/1

waGKKa
L
2

r
wfw

r
f

r
1 2

331/2

 Dean aKGKa
L
2D

332/1

 : 



- 34 -

wD
r
wfw

r
f

r
1 2 (7 )

 (6�)  (7�) 

.



- 35 -

 3

.

:

i)  ( structured grid ) (  3. )

ii)  ( unstructured grid ) (  3. )

iii) 

 3. :

 3. :



- 36 -

3.1

 Taylor: 

...af
v!

ax....af
2!

axaf
1!

axafxf v
v2

:

54
4

4

3

3

2

2

ji,j1,i x0xji,x
f

24
13xji,x

f
6
12xji,x

f
2
1xji,x

fff

54
ji,4

4
3

ji,3

3
2

ji,2

2

ji,ji,j1,i x0x
x

f
24
1x

x
f

6
1x

x
f

2
1x

x
fff

: i+1,jf - i-1,jf HOT
x
f

3
1x

x
f2 ji,3

3

ji,

 HOT  (high order terms).

x
f  : 

2j1,ij1,i2
3

3
j1,ij1,i

ji, x0
2 x

ff
HOTx

x
f

6
1

2 x
ff

x
f

2x .

, ,

2

2

x
f :



- 37 -

HOTx
x
f

12
1x

x
ff2ff 4

ji,4

4
2

ji,2

2

ji,j1,ij1,i

2
2

j1,iji,j1,i
ji,2

2

x0
x

f2ff
x

f

 i r  j ,

:

i+1, j i-1, j 2f - ff = + O( r )
r 2 r

i, j+1 i, j-1 2f - ff = + O( )
2

2
i+1, j 1, j i-1, j 2

2 2

f - 2f + ff = + O( r )
r r

2
i, j+1 i, j i, j-1 2

2 2

f - 2f + ff = + O( )

.

 (6�) 
.

. .

r
f2 f

r

 r  (1)  (2) 
 (1)*  (2)*  .

 : 

     (1)
2 3

4
2 3i+1,j i,j i,j i,j i,j

f 1 f 1 f2 3f =f + r+ r + r +O( r )
r 2 r 6 r

     (2) )O( rr
r
f

6
1r

r
f

2
1r

r
fff 43

ji,3

3
2

ji,2

2

ji,ji,j1,i



- 38 -

     (1)* )O(3f
6
12f

2
1fff 4

3

3

2

2

ji,ji,ji,ji,1ji,

     (2)* )O(f
6
1f

2
1fff 43

ji,3

3
2

ji,2

2

ji,ji,1ji,

r
f2

 (1)  (2) ,  (2)

(1)
r

f2

21j1,i1j1,i1j1,i1j1,i
ji,

2

rO
4 r

ffff
r

f

 (1), (1)*   (2), (2) * 
 r 

:

2
2

1j1,ij1,i1j1,i1j1,ij1,i1j1,i
ji,2

3

rO
2 r

f2fff2ff
r

f

2
2

1j2,i1j2,i1ji,1ji,1j2,i1j2,i
ji,2

3

rO
8 r

ff2f2fff
r

f

2
3

j2,ij1,ij1,ij2,i
ji,3

3

rO
2 r

f2f2ff
r
f

2
3

2ji,1ji,1ji,2ji,
ji,3

3

O
2

f2f2fff

4
i+2, j i+1, j i, j i-1, j i-2, j 2

i, j4 4

f - 4f + 6f - 4f + ff = + O r
r r

4
i,j+2 i,j+1 i,j i,j-1 i,j-2 2

i,j4 4

f -4f +6f -4f +ff = +O



- 39 -

4
i+2, j+1 i+2, j i+2, j-1 i, j+1 i, j i, j-1 i-2, j+1 i-2, j i-2, j-1 2

i, j2 2 2 2

f - 2f + f - 2f + f - 2f + f - 2f + ff = + O r
r 4 r

 ( . . ).

3.2

 (i,j) 
 j 

 i  r.

j

i

i,j

i+1,j

i-1,j

i,j-1

i,j+1

 3.2: 

 3.3   (6 )

 (6 ) : frcoswsin
r
wrwf

r
f

r
f 42



- 40 -

frcoswsin
r
wrw

r
fff

r
f 22

22

r
f

r
1

2
f

r
4

r
f

r
1

r

f
r
2

r
f

r
2

r
f

r
2f

r
1

r
fr

coswsin
r
wrwf

r
1

r
f

r
1

r
f

r
ff

r
1

r
f

r
1

r
f

r
f

3

2

42

2

22

3

322

4

23

3

4

4

44

4

2

2

22

2

2

2

22

2

2

3

22

2

32

2

23

3

3

3

2

2

2

3

r
f

r
1f

r
2

r
f

r
1

r
f

r
1

r
fff

r
1

r
f

r
1

r
f

r
f

coswsin
r
wrw

r
f

r
1f

r
4

r
f

r
1

r
f

r
2

r
f

r
2

r
f2f

r
1

r
fr 22

2

32

2

2

3

222

4

3

3

4

4

34

4

 (6�) :

2

2

32

2

23

3

3

3

2

2

2

3 ff
r
2

r
ff

r
1

r
ff

r
1

r
fff

r
f

r
1

r
f

r
f

r
1

r
f

r
f

22

4

3

3

4

4

34

4

2

3

2 r
f

r
2

r
f2f

r
1

r
frcoswsin

r
wrw

r
ff

r
1

r
f

r
1f

r
4

r
f

r
1

r
f

r
2

22

2

32

2

2

3

2

f22 :



- 41 -

4

4

2

2

22

2

2

2

22

2
22

r
ff

r
1

r
f

r
1

r
f

r
1

rr
1

r
f

2r

f3

2r

1
2
f2

3r

2
2r

f2

r
1

r
f

2r

1
r
1

3r

f3

r
1

2r

f3

2r

1
2
f2

3r

2
2r

f2

r
1

r
f

2r

1
r

2

2

43

3

2

2

22

2

234

4

4

4

22

3

222

4

2

f
r
6

r
f

r
1

r
f

r
1

r
f

r
1

r
f

r
2

r
ff

r
1

r
f

r
1

r
1

r
f

r
1

2

2

43

3

2

2

22

2

234

4

4

4

22

3

222

4

2

f
r
6

r
f

r
1

r
f

r
1

r
f

r
1

r
f

r
2

r
ff

r
1

r
f

r
1

r
1

r
f

r
1

22

4

22

3

32

2

42

2

233

3

22

4

22

3

32

3

3 r
f

r
1

r
f

r
1f

r
2

r
f

r
1

r
f

r
1

r
f

r
1

r
f

r
1

r
f

r
2

r
f

r
2

4

4

42

3

3

f
r
1

r
f

r
1

r
f

r
1f

r
4

r
f

r
1

r
f

r
2

r
f

r
2

r
f

r
2f

r
1

r
f

32

2

42

2

22

3

322

4

23

3

4

4

44

4

 (6�) :

8 r
ff2f2fff

2 r
ff

2
1j2,i1j2,i1ji,1ji,1j2,i1j2,ij1,ij1,i

4 r
ffff

2 r
ff

r
1 1j1,i1j1,i1j1,i1j1,ij1,ij1,i

3
2ji,1ji,1ji,2ji,j1,ij1,i

2 2
f2f2ff

2 r
ff

r
1
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3
j2,ij1,ij1,ij2,i1ji,1ji,

2 r
f2f2ff

2
ff

i,j+1 i,j-1 i+1,j i-1,j i,j+1 i,j-1 i+1,j i,j i-1,j
2 2

f -f f -f f -f f -2f +f1 1+ -
r 2 2 r r 2 r

2
1ji,ji,1ji,1ji,1ji,

3

f2ff
2

ff
r
2

2
1j1,ij1,i1j1,i1j1,ij1,i1j1,i1ji,1ji,

2 2 r
f2fff2ff

2
ff

r
1

cos
2

ww
sin

r2
ww

rw 1ji,1ji,j1,ij1,i
ji,

i 2,j i 1,j i,j i 1,j i 2,j
4

f 4 f 6 f 4 f f
r

r

i,j+2 i,j+1 i,j i,j-1 i,j-2 i+2,j i+1,j i-1,j i-2,j
3 4 3

f -4f +6f -4f +f f -2f +2f -f1- -2
r 2 r

22
1j2,i1j2,i1j2,i1ji,ji,1ji,1j2,ij2,i1j2,i

4 r
f2ff2ff2ff2ff

r
2

2
j1,iji,j1,i

2
1j1,ij1,i1j1,i1j1,ij1,i1j1,i

2 r
f2ff

r
1

2 r
f2fff2ff

r
2

2 r
ff

r
1f2ff

r
4 j1,ij1,i

22
1ji,ji,1ji,

3

i+1, j i+2, j+1 i+1, j i+2, j-1 i+1, j i, j+1 i+1, j i, j-1 i+1, j i-2, j+1 i+1, j i-2, j-1
3

+f f - f f - 2f f + 2f f + f f - f f
16 r
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i-1,j i+2,j+1 i-1,j i+2,j-1 i-1,j i,j+1 i-1,j i,j-1 i-1,j i-2,j+1 i-1,j i-2,j-1-f f +f f +2f f -2f f -f f +f f

i+1, j i+1, j+1 i+1, j i+1, j-1 i+1, j i -1, j+1 i+1, j i-1, j-1 i-1, j i+1, j+1 i-1, j i+1, j-1 i-1, j i-1, j+1 i-1, j i-1, j-1
2

f f - f f - f f + f f - f f + f f + f f - f f
+

8 r r

i+1, j i, j+2 i+1, j i, j+1 i+1, j i, j-1 i+1, j i, j-2 i-1, j i, j+2 i -1, j i, j+1 i-1, j i, j-1 i-1, j i, j-2
3 2

f f - 2f f + 2f f - f f - f f + 2f f - 2f f + f f
+

4 r r

i, j+1 i+2, j i, j+1 i+1, j i, j+1 i-1, j i, j+1 i-2, j i, j-1 i+2, j i, j-1 i+1, j i, j-1 i-1, j i, j-1 i-2, j
3

f f - 2f f + 2f f - f f - f f + 2f f - 2f f + f f
-

4 r

i, j+1 i+1, j i, j+1 i-1, j i, j-1 i+1, j i, j-1 i-1, j
2

f f - f f - f f + f f
+

4 r r

i, j+1 i+1, j i, j+1 i, j i, j+1 i-1, j i, j-1 i+1, j i, j-1 i, j i, j-1 i-1, j
2

f f - 2f f + f f - f f + 2f f - f f
-

2 r r

2 2
i, j+1 i, j+1 i, j i, j+1 i, j-1 i, j-1 i, j+1 i, j-1 i, j i, j-1

3 3

f - 2f f + f f - f f + 2f f - f
+

r

i, j+1 i+1, j+1 i, j+1 i+1, j i, j+1 i+1, j-1 i, j+1 i-1, j+1 i, j+1 i-1, j i, j+1 i-1, j-1
3 2

f f - 2f f + f f - f f + 2f f - f f
-

4 r r

i, j-1 i+1, j+1 i, j-1 i+1, j i, j-1 i+1, j-1 i, j-1 i-1, j+1 i, j-1 i-1, j i, j-1 i-1, j-1-f f + 2f f - f f + f f - 2f f + f f

i, j i+1, j i-1, j i, j i, j+1 i, j-1
rsin cos+w w - w + w w - w
2 r 2
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i+2, j i+1, j i, j i -1, j i-2, j
4

f - 4f + 6f - 4f + f
= -r

r

i, j+2 i, j+1 i, j i, j-1 i, j-2 i+2, j i+1, j i-1, j i-2, j
4 3 3

f - 4f + 6f - 4f + f f - 2f + 2f - f
- -

r r

i+2, j+1 i+2, j i+2, j-1 i, j+1 i, j i, j-1 i-2, j+1 i-2, j+1 i-2, j-1
2 2

f - 2f + f - 2f + f - 2f + f - 2f + f
-

2 r r

i+1, j+1 i+1, j i+1, j-1 i-1, j+1 i-1, j i-1, j-1 i+1, j i, j i -1, j
2 2 2

f - 2f + f - f + 2f - f f - 2f + f
+ +

r r r r

i, j+1 i, j i, j-1 i+1, j i-1, j
2 3 2

f - 2f + f f - f
-4 -

r 2 r× r

 ( 4 4 316 r r ) :

3 3
i+1, j i+2, j+1 i+1, j i+2, j-1 i+1, j i, j+1 i+1, j i, j-1 i+1, j i-2, j+1 i+1, j i-2, j-1r r +f f - f f - 2f f + 2f f + f f - f f

i-1, j i+2, j+1 i-1, j i+2, j-1 i-1, j i, j+1 i-1, j i, j-1 i -1, j i-2, j+1 i-1, j i-2, j-1-f f + f f + 2f f - 2f f - f f + f f  

2 3 2
i+1, j i+1, j+1 i+1, j i+1, j-1 i+1, j i-1, j+1 i+1, j i-1, j-1 i-1, j i+1, j+1+2 r r f f - f f - f f + f f - f f

i-1, j i+1, j-1 i-1, j i-1, j+1 i-1, j i-1, j-1+f f + f f - f f   

3
i+1, j i, j+2 i+1, j i, j+1 i+1, j i, j-1 i+1, j i, j-2 i-1, j i, j+2 i-1, j i, j+1+4 r r f f - 2f f + 2f f - f f - f f + 2f f  

i-1, j i, j-1 i-1, j i, j-2-2f f + f f  
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3 3
i, j+1 i+2, j i, j+1 i+1, j i, j+1 i-1, j i, j+1 i-2, j i, j-1 i+2, j i, j-1 i+1, j-4 r r f f - 2f f + 2f f - f f - f f + 2f f

i, j-1 i-1, j i, j-1 i-2, j-2f f + f f 3 3
i, j+1 i+1, j i, j+1 i-1, j i, j-1 i+1, j i, j-1 i-1, j+4 r r f f - f f - f f + f f  

2 3 2
i, j+1 i+1, j i, j+1 i, j i, j+1 i-1, j i, j-1 i+1, j i, j-1 i, j i, j-1 i-1, j-8 r r f f - 2f f + f f - f f + 2f f - f f

4 2 2
i, j+1 i, j+1 i, j i, j-1 i, j i, j-1+16 r f - 2f f + 2f f - f

3
i, j+1 i+1, j+1 i, j+1 i+1, j i, j+1 i+1, j-1 i, j+1 i-1, j+1 i, j+1 i-1, j i, j+1 i-1, j-1-4 r r f f - 2f f + f f - f f + 2f f - f f

i, j-1 i+1, j+1 i, j-1 i+1, j i, j-1 i+1, j-1 i, j-1 i-1, j+1 i, j-1 i-1, j i, j-1 i-1, j-1-f f + 2f f - f f + f f - 2f f + f f  

3 4 4 3 4 4
i, j i+1, j i, j i-1, j+w w 8 r r sin - w w 8 r r sin

4 3 3 4 3 3
i, j i, j+1 i, j i, j-1+w w 8 r r cos - w w 8 r r cos

 = 4 4
i+2, j i+1, j i, j i-1, j i-2, j-16 r f - 4f + 6f - 4f + f  4

i, j+2 i, j+1 i, j i, j-1 i, j-2-16 r f - 4f + 6f - 4f + f  

4 3
i+2, j i+1, j i-1, j i-2, j-16 r r f - 2f + 2f - f

2 2 2
i+2, j+1 i+2, j i+2, j-1 i, j+1 i, j i, j-1 i-2, j+1 i-2, j i-2, j-1-8 r r f - 2f + f - 2f + f - 2f + f - 2f + f

3 2
i+1, j+1 i+1, j i+1, j-1 i-1, j+1 i-1, j i-1, j-1+16 r r f - 2f + f - f + 2f - f

2 4 2 4 2 3 4
i+1, j i, j i-1, j i, j+1 i, j i, j-1 i+1, j i-1, j+16 r r f - 2f + f - 64 r f - 2f + f - 8 r r f - f

:
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3 3 3 3
i+1, j i+2, j+1 i+1, j i+2, j-1f f r r - f f r r

3 3 3 3 3 3 3 3 2 3 2
i+1, j i, j+1-f f 2 r r + 8 r r - 8 r r - 4 r r - 8 r r + 8 r r

3 3 3 3 3 3 3 3 2 3 2
i+1, j i, j-1+f f 2 r r + 8 r r - 8 r r - 4 r r - 8 r r + 8 r r

3 3 3 3 3 3 3 3
i+1, j i-2, j+1 i+1, j i-2, j-1 i-1, j i+2, j+1 i-1, j i+2, j-1+f f r r - f f r r - f f r r + f f r r

3 3 3 3 3 3 3 3 2 3 2
i-1, j i, j+1+f f 2 r r + 8 r r - 8 r r - 4 r r - 8 r r + 8 r r

3 3 3 3 3 3 3 3 2 3 2
i-1, j i, j-1+f f 2 r r + 8 r r - 8 r r - 4 r r - 8 r r + 8 r r

3 3 3 3 2 3 2
i-1, j i+1, j-1 i-1, j i-2, j-1 i+1, j i+1, j+1-f f r r + f f r r + f f 2 r r

2 3 2 2 3 2 2 3 2
i+1, j i+1, j-1 i+1, j i-1, j+1 i+1, j i-1, j-1-f f 2 r r - f f 2 r r + f f 2 r r

2 3 2 2 3 2 2 3 2
i-1, j i+1, j+1 i-1, j i+1, j-1 i-1, j i-1, j+1-f f 2 r r + f f 2 r r + f f 2 r r

2 3 2 3 3 3
i-1, j i-1, j-1 i+1, j i, j+2 i+1, j i, j-2 i-1, j i, j+2-f f 2 r r + f f 4 r r - f f 4 r r - f f 4 r r

3 3 3 3 3 3 3
i-1, j i, j-2 i, j+1 i+2, j i, j+1 i-2, j i, j-1 i+2, j+f f 4 r r - f f 4 r r + f f 4 r r + f f 4 r r

3 3 2 3 2 4 2 3 2 4
i, j-1 i-2, j i, j+1 i, j i, j-1 i, j= f f 4 r r + f f 16 r r - 32 r - f f 16 r r - 32 r

4 4 3 32 2f f f f f fi, j+1 i, j-1 i, j+1 i+1, j+1 i, j+1 i+1, j-1+ 16 r - 16 r - 4 r r - 4 r r

3 3 3+f f f f f f1, j+1 i-1, j+1 i, j+1 i-1, j-1 1, j-1 i+1, j+14 r r + 4 r r + 4 r r
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3 3 3
i, j-1 i+1, j-1 i, j-1 i-1, j+1 i, j-1 i-1, j-1+f f 4 r r - f f 4 r r - f f 4 r r

3 4 4 3 4 4
i, j i+1, j i, j i-1, j+w w 8 r r sin - w w 8 r r sin

4 3 3 4 3 3
i, j i, j+1 i, j i, j-1+w w 8 r r cos - w w 8 r r cos

4 4 4 3 2 2 2
i+2, j= f -16 r -16 r r +16 r r

4 4 4 3 3 2 2 4 2 3 4
1+1, j+f 64 r + 32 r r - 32 r r +16 r r - 8 r r

4 4 4 2 2 2 2 4 2 4 2
i, j+f -96 r - 96 r - 8 r r - 32 r r +128 r

4 4 4 3 3 2 2 4 2 3 4
i-1, j-f 64 r - 32 r r + 32 r r +16 r r + 8 r r

4 4 4 3 2 2 2 4
i-2, j i, j+2+f -16 r +16 r r + 8 r r + f -16 r

4 2 2 2 4 2 4 2 2 2 4 2
i, j+1 i, j-1+f 64 r +16 r r - 64 r + f 64 r +16 r r - 64 r

4 2 2 2 2 2 2
i, j-2 i+2, j+1 i+2, j-1+f -16 r + f -8 r r + f -8 r r

2 2 2 2 2 2 3 2 3 2
i-2, j+1 i-2, j-1 i+1, j+1 i+1, j-1+f -8 r r + f -8 r r + f 16 r r + f 16 r r

3 2 3 2
i-1, j+1 i-1, j-1+f -16 r r + f -16 r r

:

4 4 4 2 2 2 2 4 2 4 2
i, jf -96 r - 96 r - 8 r r - 32 r r +128 r
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2 3 2 4 2 3 2 4
i, j+1 i.j i, j-1 i, j-f f 16 r r - 32 r + f f 16 r r - 32 r

3 3 3 3
i+1, j i+2, j+1 i+1, j i+2, j-1= f f r r - f f r r

3 3 3 3 3 3 3 3 2 3 2
i+1, j i, j+1-f f 2 r r + 8 r r - 8 r r - 4 r r - 8 r r + 8 r r

3 3 3 3 3 3 3 3 2 3 2
i+1, j i, j-1+f f 2 r r + 8 r r - 8 r r - 4 r r - 8 r r + 8 r r

3 3 3 3 3 3 3 3
i+1, j i-2, j+1 i+1, j i-2, j-1 i-1, j i+2, j+1 i-1, j i+2, j-1+f f r r - f f r r - f f r r + f f r r

3 3 3 3 3 3 3 3 2 3 2
i-1, j i, j+1+f f 2 r r + 8 r r - 8 r r - 4 r r - 8 r r + 8 r r

3 3 3 3 3 3 3 3 2 3 2
i-1, j i, j-1-f f 2 r r + 8 r r - 8 r r - 4 r r - 8 r r + 8 r r

3 3 3 3 2 3 2
i-1, j i-2, j+1 i-1, j i-2, j i+1, j i+1, j+1-f f r r + f f r r + f f 2 r r

2 3 2 2 3 2 2 3 2
i+1, j i+1, j-1 i+1, j i-1, j+1 i+1, j i-1, j-1-f f 2 r r - f f 2 r r + f f 2 r r

2 3 2 2 3 2 2 3 2
i-1, j i+1, j+1 i-1, j i+1, j-1 i-1, j i-1, j+1-f f 2 r r + f f 2 r r + f f 2 r r

2 3 2 3 3 3
i-1, j i-1, j-1 i+1, j i, j+2 i+1, j i, j-2 i-1, j i, j+2-f f 2 r r + f f 4 r r - f f 4 r r - f f 4 r r

3 3 3 3 3 3 3
i-1, j i, j-2 i, j+1 i+2, j i, j+1 i-2, j i, j-1 i+2, j+f f 4 r r - f f 4 r r + f f 4 r r + f f 4 r r

3 3 4 4 3
i, j-1 i-2, j

2 2f f f fi, j+1 i, j-1 i, j+1 i+1, j+1-f f 4 r r + 16 r - 16 r - 4 r r

3 3 3 3+i, j+1 i+1, j-1 i, j+1 i-1, j+1 i, j+1 i-1, j-1 i, j-1 i+1, j+1-f f 4 r r f f 4 r r + f f 4 r r + f f 4 r r
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3 3 3
i, j-1 i+1, j-1 i, j-1 i-1, j+1 i, j-1 i-1, j-1+f f 4 r r - f f 4 r r - f f 4 r r

3 4 4 3 4 4
i, j i+1, j i, j i-1, j+w w 8 r r sin - w w 8 r r sin

4 3 3 4 3 3
i, j i, j+1 i, j i, j-1+w w 8 r r cos - w w 8 r r cos

4 4 4 3 2 2 2
i+2, j-f -16 r -16 r r +16 r r

4 4 4 3 3 2 2 4 2 3 4
i+1, j-f 64 r + 32 r r - 32 r r +16 r r - 8 r r

4 4 4 3 3 2 2 4 2 3 4
i-1, j+f 64 r - 32 r r + 32 r r +16 r r + 8 r r

4 4 4 3 2 2 2 4
i-2, j i, j+2-f -16 r +16 r r + 8 r r - f -16 r

4 2 2 2 4 2 4 2 2 2 4 2 4
i, j+1 i, j-1 i, j-2-f 64 r +16 r r - 64 r - f 64 r +16 r r - 64 r - f -16 r

2 2 2 2 2 2 2 2 2 2 2 2
i+2, j+1 i+2, j-1 i-2, j+1 i-2, j-1-f -8 r r - f -8 r r - f -8 r r - f -8 r r

3 2 3 2 3 2 3 2
i+1, j+1 i+1, j-1 i-1, j+1 i-1, j-1-f 16 r r - f 16 r r - f -16 r r - f -16 r r

i, jf :

i, j 4 4 4 2 2 2 2 4 2 4 2 2 3 2 4
i, j+1

1f =
-96 r - 96 r - 8 r r - 32 r r +128 r - f 16 r r - 32 r

2 3 2 4
i, j+1

×
+f 16 r r - 32 r

 (6�)
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4
1a = r , 4 3 3

2a = r r , 4 2
3a = r , 4

4a = r , 3 4 4
5a = r r

3 3
6a = r r , 3 2

7a = r r  ,      3
8a = r r ,           2 4 2

9a = r r

2 3 2
10a = r r , 2 2 2

11a = r r , 4 3
12a = r r , 3 3

13a = r r

4 4
14a = r  , 3 4

15a = r r

:

i, j
14 1 11 9 3 i, j+1 10 4

1f =
-96a -96a -8a -32a +128a - f 16a -32a

i+1, j i+2, j+1 13 i+1, j i+2, j-1 13
i, j-1 10 4

× f f - f f
+f 16 - 32

i+1, j i, j+1 13 8 13 6 8 10 i+1, j i, j-1 13 8 13 6 8 10-f f 2 + 8 - 8 - 4 - 8 + 8 + f f 2 + 8 - 8 - 4 - 8 + 8

i+1, j i-2, j+1 13 i+1, j i-2, j-1 13 i-1, j i+2, j+1 13 i-1, j i+2, j-1 13+f f - f f - f f + f f

i-1, j i, j+1 13 8 13 6 8 10 i-1, j i, j-1 13 8 13 6 8 10+f f 2 + 8 - 8 - 4 - 8 + 8 - f f 2 + 8 - 8 - 4 - 8 + 8

i-1, j i-2, j+1 13 i-1, j i-2, j-1 13 i+1, j i+1, j+1 10 i+1, j i+1, j-1 10 i+1, j i-1, j+1 10 i+1, j i-1, j-1 10-f f + f f + f f 2 - f f 2 - f f 2 + f f 2

i-1, j i+1, j+1 10 i-1, j i+1, j-1 10 i-1, j i-1, j+1 10 i-1, j i-1, j-1 13 i+1, j i, j+2 8-f f 2 + f f 2 + f f 2 - f f 2 + f f 4

i+1, j i, j-2 8 i-1, j i, j+2 8 i-1, j i, j-2 8 i, j+1 i+2, j 13 i, j+1 i-2, j 13 i, j-1 i+2, j 13-f f 4 - f f 4 + f f 4 - f f 4 + f f 4 + f f 4

i, j-1 i-2, j 13 4 4 8 8
2 2f f f f f fi, j+1 i, j-1 i, j+1 i+1, j+1 i, j+1 i+1, j-1-f f 4 + + 16 - 16 - 4 - 4

8 8 8 8 8+f f f f f f f f f fi, j+1 i-1, j+1 i, j+1 i-1, j-1 i, j-1 i+1, j+1 i, j-1 i+1, j-1 i, j-1 i-1, j+14 + 4 + 4 + 4 - 4

8 5 5 2f f w w w w w wi, j-1 i-1, j-1 i, j i+1, j i, j i-1, j i, j i, j+1- 4 + 8 sin - 8 sin + 8 cos
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2 i+2, j 14 12 11 i+1, j 14 12 7 9 15w wi, j i, j-1- 8 cos - f -16 -16 +16 - f 64 + 32 - 32 +16 - 8

i-1, j 14 12 7 9 15 i-2, j 14 12 11 i, j+2 1+f 64 - 32 + 32 +16 + 8 - f -16 +16 + 8 - f -16

i, j+1 1 11 3 i, j-1 1 11 3 i, j-2 1 i+2, j+1 11 i+2, j-1 11-f 64 +16 - 64 - f 64 +16 - 64 - f -16 - f -8 - f -8

i-2, j+1 11 i-2, j-1 11 i+1, j+1 7 i+1, j-1 7 i-1, j+1 7 i-1, j-1 7-f -8 - f -8 - f 16 - f 16 - f -16 - f -16

3.4   (7 )

 (6)� 

21 f w f w- + = D + w
r r r

(7 )

i+1, j i-1, j i, j+1 i, j-1 i, j+1 i, j-1 i+1, j i-1, j- f - f w - w + f - f w - w
=

4r r

i+1, j i, j i-1, j i+1, j i-1, j i, j+1 i, j i.j-1
2 2 2

w - 2w + w w - w w - 2w + w
D + + +

r 2r r r

2 2 24r r  (7�) :

i, j+1 i+1, j i, j-1 i+1, j i, j+1 i-1, j i, j-1 i-1, j-w f r r + w f r r + w f r r - w f r r

i+1, j i, j+1 i-1, j i, j+1 i+1, j i, j-1 i-1, j i, j-1+w f r r - w f r r - w f r r + w f r r

2 2 2 2 2 2 2 2 2
i+1, j i-1, j= 4r r ×D + w 4r + 2r r + w 4r - 2r r



- 52 -

2 2 2 2 2
i, j i, j+1 i, j-1-w 8r + 8 r + w (4 r ) + w (4 r )

2
i, j i, j+1 i+1, j i, j+1 i-1, j i, j+12 2 2

1w = × w f r r - w f r r + w 4 r
8r +8 r

2
i, j-1 i+1, j i, j-1 i-1, j i, j-1-w f r r + w f r r + w 4 r

2 2 2
i+1, j i, j+1 i+1, j i, j-1 i+1, j-w f r r + w f r r + w 4r + 2r r

2 2 2
i-1, j i, j+1 i-1, j i, j-1 i-1, j+w f r r - w f r r + w 4r - 2r r

2 2 2+ 4r r ×D  

2

i, j i, j+1 i+1, j i, j+1 i-1, j i, j+12 2 2 2 2 2 2 2 2
r r r r 4 rw =  w f -  w f + w

8r + 8 r 8r + 8 r 8r + 8 r

i, j-1 i+1, j i, j-1 i-1, j2 2 2 2 2 2

r r r r-  w f +  w f
8r + 8 r 8r + 8 r

2

i, j-1 i+1, j i, j+1 i+1, j i, j-12 2 2 2 2 2 2 2 2
4 r r r r r+ w -  w f +  w f

8r + 8 r 8r + 8 r 8r + 8 r

2 2 2

i 1,j i 1,j i, j 12 2 2 2 2 2

4r 2r r r rw  w f
8r 8 r 8r 8 r

2 2 2 2 2 2

i-1, j i, j-1 i-1, j2 2 2 2 2 2 2 2 2
r r 4r - 2r r 4r r-  w f + w + D

8r + 8 r 8r + 8 r 8r + 8 r
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16 2 2 2

r ra =  
8r +8 r

,
2

17 2 2 2

4 ra =
8r + 8 r

,
2 2 2

18 2 2 2

4r + 2r ra =
8r + 8 r

2 2 2

19 2 2 2
4r ra =

8r + 8 r

2 2 2

20 2 2 2
4r - 2r ra =

8r + 8 r

 (7)� :

16i, j i, j+1 i+1, j 16 i, j+1 i-1, j 17 i, j+1 16 i, j-1 i+1, j 16 i, j-1 i-1, jw = a w f - a w f + a w - a w f + a w f

17 16 16 18 16+ a f + a f + a + a fi+1, j i+1, j i, j+1 i+1, j i, j-1 i+1 i-1, j i, j+1+a w w w w w    

16 20 19f + a + ai-1, j i, j-1 i-1, j-a w w D

3.5 -  (successive
over relaxation [S.O.R]) 

.

, , -
.

,
Laplace ,
V = × .

2 2

2 2+ = 0
x y

   (3.5.1) 
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 (3.5.1) 

1 2 3 4 5 6 7

8

9

10

11121314151617

18

19

20 21 22 23

24 25

i,j i+1,j

i,j+1

i-1,j

i,j-1

 3.5 : -

 (3.5.1) :

i+1, j i, j i-1, j i, j+1 i, j i, j+1
2 2

- 2 + - 2 +
+ = 0

x y
  (3.5.2) 

 1  20 

. 1 20
.

 ( ) .   (3.5.2)  i,j 
i, j , i+1, j , i-1, j , i, j+1 , i, j-1 .

 (3.5.2) 
 (  15 )  15 

 15 .
.
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 (3.5.2) 
 n 
 n+1.

 (3.5.2) i, j ,
:

2 2 n n n n
i+i, j i-1, j i, j+1 i, j-1n+1

i, j 2 2 2 2

+ +x y
= +

2 y + 2 x x y
   (3.5.3) 

 (3.5.3) . n+1
i, j

, n+1 
n
i+i, j ,

n
i-1, j ,

n
i, j+1 , n

i, j-1

 n. ( Jacobi).

,
, .

 (3.5.3) ,
, n=1  n=2. 

.   (3.5.3) 
 21  n 

 n+1  (3.5.3) :

2 2 n n n n
n+1 22 20 24 2
21 2 2 2 2

x y + += +
2 y + 2 x x y

   (3.5.4) 

 (3.5.4) n+1
21 , n

22 , n
24

n
20 , n

2 .

 (3.5.3). 
n+1
21   (3.5.4)  22 

 (3.5.3) :

2 2 n n n n
n+1 23 21 25 3
22 2 2 2 2

x y + += +
2 y + 2 x x y

        (3.5.5) 
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 n+1 
,

. (  Gauss-Siedel).
 (3.5.3) 

,
.

:
n+1
i, j - n

i, j

.
:

, . ,

- (successive over relaxation [S.O.R]). 
:

  (3.5.3) i, j

n+1
i, j :

2 2 n n+1 n n+1
i+1, j i-1, j i, j+1 i, j-1n+1

i, j 2 2 2 2

+ +x y
= +

2 y + 2 x x y
      (3.5.6) 

n+1
i-1, j (3.5.6)

 n+1 
n+1
i-1, j

. , n+1
i, j-1

. n
i, j

n+1
i, j   (3.5.6) 

n+1
i, j :

n+1 n n+1 n
i, j i, j i, j i, j= + -             (3.5.7) 

 (3.5.7) 
- .

>1 -
(successive over relaxation [S.O.R]) 
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<1 -  (successive under-relaxation 
[S.U.R])

.

 S.O.R 1< <2.
 (3.5.7) 

.

 (3.5.7)  : 

new old
i, j i, j i, j= + 1-

3.6

 r 
:

r = 1 = r    r = 1/k = r

 (no-slip condition).

(7 ) : W1, j = 0  r = 1 
        W1/ k, j =0  r = 1/k 

r = 1 = r  r = 1/k = r       

:
i, j i-1, j

r=1

f - ff =
r r

i+1, j i, j
r=1/k

f - ff =
r r

                                   (n, j) (n-1, j)f = f                               (1, j) (2, j)f = f
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 4

 Fortran 90

.

:

 10000 

.

 Fortran

PROGRAM SOR_Ptyxiaki 

IMPLICIT NONE
INTEGER(2)::i,j,n,m,iter,maxiter=10000
REAL::a1,a2,a3,a4,a5,a6,a7,a8,a9,a10,a11,a12,a13,a14,a15,a16,a17,a18,a19,a20,&
      Dean,eps,init_val,k,omega,r,sum_f,sum_w,theta
    
REAL(8),PARAMETER::pi=3.141592_8
REAL(8),ALLOCATABLE,DIMENSION(:,:)::f,f_old,f_new,w,w_old,w_new,error_f,error_w
       ,df,dw 
REAL Dth,Dr   
   
PRINT*,'======================================================================'
PRINT*,'                             W E L C O M E                            '
PRINT*,'======================================================================'
PRINT*,'This code is an application of the S.O.R. method for the numerical    ' 
PRINT*,'solution of equations of motion for the particular problem of the flow' 
PRINT*,' in a curved annular pipe                                             ' 
PRINT*,'======================================================================'
              
PRINT*,'Give the discretization in r and th directions' 
  READ*,n,m 
PRINT*,'Give the value of k' 
  READ*,k 
PRINT*,'Give the value of omega' 
  READ*,omega 
PRINT*,'Give the initial value of w and f' 
  READ*,init_val 
PRINT*,'Give the value of eps' 
  READ*,eps      
PRINT*,'Give the Dean number' 
  READ*,Dean 

ALLOCATE(f(-2:n+2,-2:m+2),f_old(-2:n+2,-2:m+2),f_new(-2:n+2,-2:m+2),&
        w(-2:n+2,-2:m+2),w_old(-2:n+2,-2:m+2),w_new(-2:n+2,-2:m+2),& 
        error_f(-2:n+2,-2:m+2),error_w(-2:n+2,-2:m+2),df(-2:n+2,-2:m+2),& 
        dw(-2:n+2,-2:m+2)) 
     
   Dth=2.*pi/real(m) 
   Dr=(1.-1./k)/real(n) 
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 InVal:DO j=1,m        !=================================================! 
   DO i=2,n-1        !The Initial Value given by the user is assigned  !  
     w(i,j)=init_val !at all internal grid points of f & w           ! 
     f(i,j)=init_val !=================================================! 
   ENDDO  
  ENDDO InVal 

 BounConW:DO j=1,m      !==================================================!       
      w(n,j)=0.0  !Determination of Boundary Conditions of w function! 
      w(1,j)=0.0  !==================================================! 
    ENDDO BounConW  
    
 BounConF:DO j=1,m        !==================================================! 
      f(n,j)=f(n-1,j)!Determination of Boundary Conditions of f function! 
      f(1,j)=f(2,j) !==================================================! 
    ENDDO BounConF 

OldVal:DO j=1,m               !===============================================!
   DO i=2,n-1           !Here, the initial values of f & w become the old!                  
      w_old(i,j)=w(i,j) !values for the first iteration and are not      !                
            f_old(i,j)=f(i,j) !included in the next iterations       ! 
   ENDDO     !================================================! 
         ENDDO OldVal
    
theta=0.0

OPEN(666,FILE='f,w.DAT',ACCESS='SEQUENTIAL',STATUS='new')
    iter=0 
20  iter=iter+1      

   Iterat:DO j=1,m          !===========================================! 
     theta =theta+Dth  !====Here starts the iterative procedure====! 
     r=1./k    !===========================================! 
  DO i=2,n-1 
   a1=Dr**4 
   a2=Dr**4*Dth**3*r**3 
   a3=Dr**4*Dth**2 
     a4=Dr**4*Dth 
   a5=Dr**3*Dth**4*r**4 
   a6=Dr**3*Dth**3*r 
   a7=Dr**3*Dth**2*r 
   a8=Dr**3*Dth*r 
   a9=Dr**2*Dth**4*r**2 
   a10=Dr**2*Dth**3*r**2 
   a11=Dr**2*Dth**2*r**2 
   a12=Dr*Dth**4*r**3 
   a13=Dr*Dth**3*r**3 
   a14=Dth**4*r**4 
   a15=Dr**3*Dth**4*r 
   a16=(r*Dr*Dth)/(8.*r**2*Dth**2+8.*Dr**2)  
   a17=(4.*Dr**2)/(8.*r**2*Dth**2+8.*Dr**2) 
              a18=(4.*r**2*Dth**2+2.*r*Dr*Dth**2)/(8.*r**2*Dth**2+8.*Dr**2) 
   a19=(4.*r**2*Dr**2*Dth**2)/(8.*r**2*Dth**2+8.*Dr**2) 
              a20=(4.*r**2*Dth**2-2.*r*Dr*Dth**2)/(8.*r**2*Dth**2+8.*Dr**2) 
      
 f_new(i,j)=omega*(1./((-96.*a14-96.*a1-8.*a11+128.*a3-32.*a9)-& 
      f(i,j+1)*(16.*a10-32.*a4)+f(i,j-1)*(16.*a10-32.*a4))*& 
     (f(i+1,j)*f(i+2,j+1)*a13-f(i+1,j)*f(i+2,j-1)*a13-& 
      f(i+1,j)*f(i,j+1)*(2.*a13+8.*a8-8.*a13-4.*a6-8.*a8+8.*a10)+& 
      f(i+1,j)*f(i,j-1)*(2.*a13+8.*a8-8.*a13-4.*a6-8.*a8+8.*a10)+& 
      f(i+1,j)*f(i-2,j+1)*a13-f(i+1,j)*f(i-2,j-1)*a13-& 
      f(i-1,j)*f(i+2,j+1)*a13+f(i-1,j)*f(i+2,j-1)*a13+& 
      f(i-1,j)*f(i,j+1)*(2.*a13+8.*a8-8.*a13-4.*a6-8.*a8+8.*a10)-& 
      f(i-1,j)*f(i,j-1)*(2.*a13+8.*a8-8.*a13-4.*a6-8.*a8+8.*a10)-& 
      f(i-1,j)*f(i-2,j+1)*a13+f(i-1,j)*f(i-2,j-1)*a13+& 
      f(i+1,j)*f(i+1,j+1)*2.*a10-f(i+1,j)*f(i+1,j-1)*2.*a10-& 
      f(i+1,j)*f(i-1,j+1)*2.*a10+f(i+1,j)*f(i-1,j-1)*2.*a10-& 
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      f(i-1,j)*f(i+1,j+1)*2.*a10+f(i-1,j)*f(i+1,j-1)*2.*a10+& 
      f(i-1,j)*f(i-1,j+1)*2.*a10-f(i-1,j)*f(i-1,j-1)*2.*a13+& 
      f(i+1,j)*f(i,j+2)*4.*a8-f(i+1,j)*f(i,j-2)*4.*a7-& 
      f(i-1,j)*f(i,j+2)*4.*a8+f(i-1,j)*f(i,j-2)*4.*a8-& 
      f(i,j+1)*f(i+2,j)*4.*a13+f(i,j+1)*f(i-2,j)*4.*a13+& 
      f(i,j-1)*f(i+2,j)*4.*a13-f(i,j-1)*f(i-2,j)*4.*a13+&      
      f(i,j+1)*f(i,j+1)*16.*a4-f(i,j-1)*f(i,j-1)*16.*a4-& 
      f(i,j+1)*f(i+1,j+1)*4.*a8-f(i,j+1)*f(i+1,j-1)*4.*a8+&      
      f(i,j+1)*f(i-1,j+1)*4.*a8+f(i,j+1)*f(i-1,j-1)*4.*a8+& 
      f(i,j-1)*f(i+1,j+1)*4.*a8+f(i,j-1)*f(i+1,j-1)*4.*a8-& 
      f(i,j-1)*f(i-1,j+1)*4.*a8-f(i,j-1)*f(i-1,j-1)*4.*a8+& 
       
            w(i,j)*w(i+1,j)*8.*a5*sin(theta)-& 
      w(i,j)*w(i-1,j)*8.*a5*sin(theta)+& 
      w(i,j)*w(i,j+1)*8.*a2*cos(theta)-& 
      w(i,j)*w(i,j-1)*8.*a2*cos(theta)-& 
        
      f(i+2,j)*(-16.*a14-16.*a12+16.*a11)-& 
 f(i+1,j)*(64.*a14+32.*a12-32.*a7+16.*a9-8.*a15)+& 
      f(i-1,j)*(64.*a14-32.*a12+32.*a7+16.*a9+8.*a15)-& 
      f(i-2,j)*(-16.*a14+16.*a12+8*a11)-f(i,j+2)*(-16.*a1)-& 
      f(i,j+1)*(64.*a1+16.*a11-64.*a3)-f(i,j-1)*(64.*a1+16.*a11-64.*a3)-& 
      f(i,j-2)*(-16.*a1)-f(i+2,j+1)*(-8.*a11)-& 
      f(i+2,j-1)*(-8.*a11)-f(i-2,j+1)*(-8.*a11)-f(i-2,j-1)*(-8.*a11)-& 
      f(i+1,j+1)*16.*a7-f(i+1,j-1)*16.*a7-f(i-1,j+1)*(-16.*a7)-& 
      f(i-1,j-1)*(-16.*a7)))+(1.-omega)*f_old(i,j) 

w_new(i,j)=omega*(a16*w(i,j+1)*f(i+1,j)-a16*w(i,j+1)*f(i-1,j)+a17*w(i,j+1)-&
     a16*w(i,j-1)*f(i+1,j)+a16*w(i,j-1)*f(i-1,j)+a17*w(i,j-1)-& 
     a16*w(i+1,j)*f(i,j+1)+a16*w(i+1,j)*f(i,j-1)+a18*w(i+1,j)+& 
     a16*w(i-1,j)*f(i,j+1)-a16*w(i-1,j)*f(i,j-1)+a20*w(i-1,j)+a19*Dean)+& 
     (1.-omega)*w_old(i,j)      

WRITE (*,100) f_new(i,j),w_new(i,j),iter,j,i 
100  FORMAT (T3,'f=',D15.8,TR2,'w=',D15.8,TR2,'Iter=',I7.5,TR2,'j=',& 
       I7.5,TR2,'i=',I7.5) 

    r=r+Dr 
      
   ENDDO 
ENDDO Iterat

NewValf:DO j=1,m           !============================================! 
    DO i=2,n-1     !Assignment of the calculated values of f to ! 
      f(i,j)=f_new(i,j) !the running values of f     ! 
    ENDDO     !============================================! 
   ENDDO NewValf 
     
NewValw:DO j=1,m            !============================================! 
          DO i=2,n-1      !Assignment of the calculated values of w to ! 
       w(i,j)=w_new(i,j)  !the running values of w   ! 
     ENDDO       !============================================! 
   ENDDO NewValw 

Diffs:DO j=1,m                                 !======================! 
         DO i=2,n-1                            !Differences of calcu  ! 
     df(i,j)=abs(abs(f(i,j))-abs(f_old(i,j)))  !lated & old values    !  
     dw(i,j)=abs(abs(w(i,j))-abs(w_old(i,j)))  !======================! 
    ENDDO 
 ENDDO Diffs 
       
sum_f=0.0

Errorf:DO j=1,m                    !==============================! 
   DO i=2,n-1                  !Relative Error of f and sum of! 
     error_f(i,j)=df(i,j)/f_old(i,j) !all errors                    ! 
     sum_f=abs(sum_f+error_f(i,j))   !==============================! 
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WRITE (*,200) sum_f,iter,j,i 
200 FORMAT (T3,'Sum of f errors=',D15.8,TR2,'Iter=',I7.5,TR2,'j=',& 
         I7.5,TR2,'i=',I7.5) 
   ENDDO 
       ENDDO Errorf 
     
sum_w=0.0

Errorw:DO j=1,m                          !==============================!  
   DO i=2,n-1                !Relative Error of w and sum of! 
     error_w(i,j)=dw(i,j)/w_old(i,j)   !all errors                    ! 
     sum_w=abs(sum_w+error_w(i,j))     !==============================! 
       
WRITE (*,300) sum_f,iter,j,i 
300 FORMAT (T3,'Sum of w errors=',D15.8,TR2,'Iter=',I7.5,TR2,'j=',& 
         I7.5,TR2,'i=',I7.5) 
     ENDDO 
 ENDDO Errorw 
       
New2old:DO j=1,m                 !======================================! 
     DO i=2,n-1               !Assignment of the running values of f ! 
      w_old(i,j)=w_new(i,j)  !& w to the old ones to be used in the !                      
      f_old(i,j)=f_new(i,j)   !next iteration                        ! 
     ENDDO     !======================================! 
   ENDDO New2old 
    
CLOSE (666) 

Control:DO j=1,m                            !==========================! 
     DO i=2,n-1                  !Control of the convergence! 
 IF (((sum_w.gt.eps).or.(sum_f.gt.eps))&  !& number of iterations   !                  
     .and.(iter.lt.maxiter)) THEN   !=========================! 

 GOTO 20 

 ELSE  
 EXIT Control 
 WRITE(*,*) 'Error less than eps, convergence'  
 WRITE(*,*) 'Iter=',iter 
 STOP 
 ENDIF 

     ENDDO   
   ENDDO Control  

END PROGRAM SOR_Ptyxiaki 

.
 ( ,

)
.
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 5

 w  f 
 : 

3
1 2w = Dw + D w + ...  (5.0.1)         

2 4
1 2f = D f + D f + ... (5.0.2)    

 2.2 
 (6�)  (7�): 

2 4f f w wf w r sin cos r f
r r r

(6�)

21 f w f w D w
r r r

(7�)

5.1   (7�) 
 W1, W2.

 (7�)   (5.0.1)  (5.0.2)   : 

2 4 3
1 2 1 2D f + D f + ... Dw + D w + ...1

r r

2 4 3 3
1 2 1 2 1 2D f + D f + ... Dw + D w + ... Dw + D w + ...21 D

r r
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 D :

2
1w 1                (5.1.1)  w1

2 1 1
2

f w1w
r r

          (5.1.2)              w2

2 1 1 1 1
2

f w f w1w
r r r

 W1

1w 0

5.2  W1

 (5.1.1)  : 
2 2

2 1 1 1
1 2 2 2

w w w1 1w 1 1 0
r rr r

1w  ( ):

1dw
dr

 (5.1.1) 1' 1
r

.

:

P(r )dr P(r )dr
1e Q(r) e dr C  (5.1.1) :

1 1 2dr dr lnrlnrr r
1 1 1 1

1 r r 1e 1 e dr C e 1 e dr C 1 C C
r 2 2 r

:

1
1 1 1 1 1

dw r 1 r 1 1 1C dw C dr dw rdr C dr
dr 2 r 2 r 2 r

2
1 1 2

1w r C lnr C
4
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 C1, C2 :

1 2 2
1 1w 0 0 C C 4r 1 4

2

1 1 2 12

1 11 1 1W 0 0 C ln C 0 C ln1 lnk1 k k 4r 4 4kk

2

1 12

111 kC 4lnk 1 C
4lnkk

2
2

1

111 k 1w r lnr 44 4 lnk
  (5.2) 

 k  W1, (k = 2,5,10). 
.

5.3   (6�) 
 f1, f2.

 (6�)   (5.0.1)  (5.0.2)   : 

2 4 2 4
1 2 1 2D f + D f + ... D f + D f + ...2

r

2 4 2 4
1 2 1 2D f + D f + ... D f + D f + ...2

r

3 3 3
1 2 1 2 1 2Dw + D w + ... Dw + D w + ... Dw + D w + ...r sin cos

r

2 4
1 2D f + D f + ...4r

 Dean 
:
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41
1 1

wr w sin r f
r

           (5.3) 

 f1  w0  r. 

5.4  f1

 w1, 1w
r

 w1  (5.3).

:

1
1

ww sin
r

=

3
2 2

2 2 4

2
22

1 1 r 1 r 1 rlnr 1 rlnr 1 lnr 1 lnrr + - + - - -
1 1 1 18 16 16 8 8 16 161 1ln k ln ln k ln ln k r ln rk k k k k k

sin
1 1 lnr 1 1+ r + - +

1 18 8 1 16ln k r 16ln rln k r k kk

3
2

2 2 4

4
1

2 2
22

1 1 r 1 r 1 rlnr 1 rlnr 1 lnrr + - + - -
1 1 1 18 16 16 8 8 16 1ln k ln ln k ln ln k rk k k k k

f = sin
1 lnr 1 1 lnr 1 1- + r + - +

1 116 8 81 1 16ln k r 16ln rln r ln k r k kk k

O 4
1f

4 2 2 2
1 1f f z

 :
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3
2

2 2 4

2

2 2
22

1 1 r 1 r 1 rlnr 1 rlnr 1 lnrr + - + - -
1 1 1 18 16 16 8 8 16 1ln k ln ln k ln ln k rk k k k k

z = sin
1 lnr 1 1 lnr 1 1- + r + - +

1 116 8 81 1 16ln k r 16ln rln r ln k r k kk k

z = zsin , :

3
2

2 2 4
2

2 2

2 2
22

1 1 r 1 r 1 rlnr 1 rlnr 1 lnrr + - + - -
1 1 1 18 16 16 8 8 16 1ln k ln ln k ln ln k rk k k k kd z 1 dz 1+ - z =

r dr 1 lnr 1 1 lnr 1 1dr r - + r + - +
1 116 8 81 1 16ln k r 16ln rln r ln k r k kk k

sin

 Euler sr = e  : s
s

ds 1dr = e ds =
dr e

: -s
s

dz dz ds 1 dz dz= = = e
dr ds dr ds dse

2

2 s

d z d 1 dz= =
dr dsdr e

2

2 2

1 dz 1 d z 1- +
ds r rr ds

:

2

2 2 2 2 2

1 dz 1 d z 1 dz 1- + + - z =
ds dsr r ds r r

2

2

d z - z =
ds

1
dzz =
ds

: 1
1

dz
- z =

ds

- -1 ds -1 ds2s
1 1z = e e e ds + C
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=
s s s s s s s 3s s 3s s 2

2 2 2 2
24 2

1 e lne s 1 e lne s 1 e lne s 1 lne e 1 lne e 1 e s- - + + - +
1 116 16 8 16 16 321 1 1 1k ln lnln k ln k ln lnk kk k k k

s 2 s s s 2
5s 3s s

12 2
24 2

1 e s 1 e s 1 e s 1 e s 1 1+ - + - - e + e + e C
1 132 16 16 16 32 161 1ln k lnln k ln kk kk k

-1 ds ds
2 1 2z = e z e ds + C

=
s 3s s 3s s s s s s s s s

2 2 2 2
2 4 2

1 lne e 1 lne e 1 lne e 1 lne e 1 lne e 1 lne e s- - + + - -
1 164 64 64 64 32 321 1 1 1k ln ln ln k ln k ln lnk k k k k k

s s s s 3s 3s
5s 3s

2 2
24 2

1 lne e s 1 lne e s 1 1 e 1 e 1- + - e - + + e
1 132 16 192 256 256 641 1 k ln lnk ln k ln k kk k

s s s s s
s

1 2 2 2
24 2

1 1 e 1 e 1 e 1 e 1 e+ e C - - + + -
1 12 128 128 64 64 641 1 1 k ln lnln k ln k ln k kk k k

s s 2 s 2 s 2 s
2

2 2 2 s
2 4 2

C1 se 1 se 1 s e 1 s e 1 s e- + + + - +
1 132 32 64 64 32 e1 1 1k ln ln ln k ln k lnk k k k k

- -1 ds -1 ds2s
3 2 3z = e z e e ds + C

3s 5s 3s 3s
s s 3s

2 3 12
2

1 e 1 e 3 e 1 1 e= - + e C s + e C + - + e C +
1 1 164 512 256 4 641ln ln k lnlnk k kk
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3s s 3s s 3s 2 3s s 3s 5s

2 2 2 2
24 2

1 e lne s 1 e lne s 1 e s 1 e lne 1 e s 1 e- + + + + -
1 164 32 128 64 64 5121 1 1 1 ln k lnk ln k ln ln ln k kk k k k

5s s 3s 3s 3s s 3s s

2 2 2 2
2 4 4 2

1 e lne 3 e 3 e 1 e lne 1 e lne- + - + -
1256 128 256 64 321 1 1 1ln k ln k ln k ln k lnk k k k k

3s 3s 2 3s 2 3s s 5s s

2 2 2
2 24 2

1 e s 1 e s 1 e s 1 e lne s 1 e lne- + - - +
1 164 128 64 64 2561 1 1k ln k lnk ln k ln lnk kk k k

7s 5s1 1- e + e
1152 256

-1 ds ds
1 3 4f = e z e ds + C

=
3s 5s 3s

s s 3s
2 3 12

5 e 1 1 1 e 17 e 1- + e C s + e C + - + e C
1 11024 2 2 2304 4096 161ln ln lnk k k

3s 3s s 3s s 3s 2 3s s

2 2 2 2
2 4 2

5 e 1 e lne s 1 e lne s 1 e s 5 e lne+ - + + +
11024 256 128 512 10241 1 1 1k ln k ln k ln ln lnk k k k k

3s 5s 5s s 3s 3s
s

22 2
2 2 4

1 e s 1 e 1 e lne 17 e 17 e 1+ - - + - - e C
1 1 1256 2304 1536 2048 4096 41 1ln k ln ln k ln k lnk k k k k

3s s 3s s 3s 3s 2 3s 2

2 2 2 2
24 2 4 2

5 e lne 5 e lne 1 e 1 e s 1 e s+ - - + -
11024 512 256 512 2561 1 1 1k lnk ln k ln k ln k lnkk k k k
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3s s 5s s
7s 5s 4

2 s
2

C1 e lne s 1 e lne 1 1- + - e + e +
1256 1536 9216 1536 e1 k lnln kk

 s  lnr (  Euler)  f1 :

5 3 3
3 74

2 3 12

C1 1 1 r 17 r 1 5 r 1- rC + rC + - + r C + - - r
1 14 2 2304 4096 16 r 1024 92161ln lnlnk kk

3 2 3 3 3
5

22 2
2 22

1 1 r ln r 5 r 1 5 r lnr 1 r lnr+ r - + + rlnrC + -
1 11536 512 1024 2 1024 2561 1k ln k lnln k lnk kk k

5

2

1 r lnr+
11536 k ln
k

 C1, C2, C3, C4  : 

1 2 3 1 42

1 1 41 17 1 5f = 0 - C + C - - + C + C +
1r = 1 4 2 16 921619216ln 4096lnk k

2 2 2
4 2 2

17 17 41- + + = 0
1 1 14096k ln 2048k ln 9216k ln
k k k

(5.4.1)

32 1
1 42 3 7

5 3

CC C1 1 41 17 1 13f = 0 - + - - + + kC -1r = 14 k 2 k 16 k 9216k1k 9216k ln 4096k lnk k
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2

2 3 2
77 5

1C ln
17 1 17 41 1 k- + + + + = 0

1 2 k512k1 1 9216k ln4096k ln 2048k ln kk k

(5.4.2)

:

4 2 2 4
1

2 32
2 2

5 r lnr 11 r lnr 1 1 3 r lnr 5 r lnr= - + + C + C - +
1 1 11536 1024 4 2 256 15361ln k ln k lnlnk k kk

f
r

4 2 2 2
6 4 2 4

1 2 2

C7 5 3 7 r 3 r lnr 3 r ln r- r + r + r C - + + -
1 19216 1536 16 4608 256 512r 1ln ln lnk k k

2 2 2 4 2 2

2 2 2
2 24 2 4

31 r 31 r 11 r 7 r 3 r ln r- - + - -
1 14096 2048 1024 4608 5121 1 1k ln k lnk ln k ln k lnk kk k k

2 2 2 2 2 2

22 2 2 2
4 2 2

11 r lnr 3 r ln r 11 r lnr 31 r 11 r 1+ + - - - + C lnr
11024 256 512 4096 1024 21 1 1 1 lnk ln k ln k ln ln kk k k k

:

1
2 3 1 4 2

4

f 23 1 1 3 85 31= 0 + C + C + C - C - -
1r = 1 9216 4 2 16 19216ln 4096k lnk k

r

2 2
22

31 85 31+ + - = 0
11 19216k ln2048k ln 4096lnkk k

(5.4.3)
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21 1
2 3 46 2 2

4

f C1 1 31 3 85 3= 0 C + C - + - k C - +
14 2 169216k k 512k9216k ln
k

1rr k

2 2 2
66 4 2

31 31 85 31- + + - -
11 1 19216k ln4096k ln 2048k ln 4096k lnkk k k

2
1 1+ C ln = 0
2 k

(5.4.4)

 (5.4.1), (5.4.2), (5.4.3), (5.4.4)  :

2
6 4

1 2
4 2 2

1 1 1 1= - 36 - 36k + 44ln + 63ln k
768 k k1 1 1k ln ln -1+ ln k + k

k k k

C

3 2 2
6 6 4 2 4 61 1 1 1 1 1+12k ln - 20k ln +104k - 63ln + 63ln k - 24k ln - 63k ln

k k k k k k

3 3 3
2 2 41 1 1-12ln -108k -12k ln +12k ln

k k k

2 2
6 8

2 2
6 2 2

1 1 1 1= - -45 - 90k + 8k ln - 8ln
9216 k k1 1 1k ln ln -1+ ln k + k

k k k

C

2
4 6 2 6 2 81 1 1 1 1-252k ln + 44k ln + 38ln + 88k ln + 88k ln + 90k + 45k

k k k k k

2
2 81 1-44k ln + 38k ln

k k
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2
6 6 6

3
4 2 2

1 1 1 1= - 45k + 8k ln + 38k ln
9216 k k1 1 1k ln ln -1+ ln k + k

k k k

C

2 2 2
4 4 4 2 2 21 1 1 1 1+8k ln - 44k ln -171k - 36k ln -126k ln + 207k - 36ln

k k k k k

1+132ln - 81
k

3
2 2 6

4 2
6 2 2

1 1 1 1= - -38k ln - 36k ln + 45k
36864 k k1 1 1k ln ln -1+ ln k + k

k k k

C

2 2 3
6 6 4 4 4 41 1 1 1 1+8k ln + 38k ln - 88k ln - 36k ln -135k - 38k ln - 45

k k k k k

2 2
2 21 1 1+88k ln -135k - 8ln + 38ln

k k k

 C1, C2, C3, C4  f1  sin
:

5
6

1 2
2 6 2 2

1 r lnr 1 1f = + r -45 - 90k
11536 36864 1 1 1k ln k ln ln -1+ ln k + kk k k k

2 2 2
8 4 6 21 1 1 1 1 1+8k ln - 8ln - 252k ln + 44k ln + 38ln + 88ln k

k k k k k k
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2
6 2 8 2 81 1 1+88k ln + 90k + 45k - 44k ln + 38k ln

k k k

2
6 6 6

4 2 2

1 1 1 1+ r 45k + 8k ln + 38k ln
18432 k k1 1 1k ln ln -1+ ln k + k

k k k

2 2 2
4 4 4 2 2 21 1 1 1 1 1+8k ln - 44k ln -171k - 36k ln -126k ln + 207k - 36ln +132ln

k k k k k k

5 3
3

2
4 2 2

1 r 17 r 1 1-81 + - - r 36
12304 4096 12288 1 1 11ln k ln ln -1+ ln k + klnk k k kk

2 3 2
6 4 6 6 41 1 1 1 1-36k + 44ln + 63k ln +12k ln - 20k ln +108k - 63ln

k k k k k

2 3 3
2 4 6 2 21 1 1 1 1+63k ln - 24k ln - 63k ln -12ln -108k -12k ln

k k k k k

3 3 3 3 2
4 5

2 2
22 2

1 5 r lnr 1 r lnr 1 1 r ln r+12k ln - - + r -
1k 512 256 1536 5121 1k lnk ln k lnkk k

33 2
2

2 2
2 6 2 2

1 r ln r 1 1 1 1+ - -38k ln - 36ln
256 36864 k k1 1 1 1k ln rk ln ln -1+ ln k + k

k k k k

2 2 3
6 6 6 4 4 4 41 1 1 1 1+45k + 8k ln + 38k ln - 88k ln - 36k ln -135k - 38k ln - 45

k k k k k
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2 2 3 5
2 2

2
4

1 1 1 5 r lnr 1 r lnr+88k ln +135k - 8ln + 38ln - -
1k k k 1024 15361 lnk ln kk

5 3 2 3 3 3

2 2 2
2 22

1 r 1 r ln r 5 r lnr 17 r 5 r- - + + +
1 12304 512 1024 2048 10241 1 1k ln k lnln ln k lnk kk k k

2 2
6 8

2
6 2 2

1 1 1 1- r -45 - 90k + 8k ln - 8ln
18432 k k1 1 1k ln ln -1+ ln k + k

k k k

2 2
4 6 2 6 2 8 21 1 1 1 1-252k ln + 44k ln + 88k ln + 88k ln + 90k + 45k - 44k ln

k k k k k

3 3
8

2
4

1 1 r lnr 17 r+38k ln lnr + - sin
1k 256 4096 1ln k lnk k

5.5  w2

 w2  (5.1.2)   2 1 1
2

f w1w =
r r

 f1

1 1f × w r1
r cos

 (  cos

) :

2
6 4 4

3
3 8 2 2

1 1 1-45 + 45k +144r k lnr ln
147456 k1 1 1r k ln ln -1+ ln k + k

k k k
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2 3 3
6 4 2 2 4 4 21 1 1 1-24r lnrk ln - 90r lnr - 36k ln - 36k ln -180r k ln

k k k k

2
6 8 6 8 4 4 2 6 6 4 61 1 1 1 1-24r k ln + 24r k ln - 72r k ln ln r - 48r k ln lnr + 468r k ln lnr

k k k k k

2
4 4 2 4 2 6 2 21 1 1 1+36r k ln lnr - 504r k ln lnr + 88r k ln lnr +176r k ln lnr

k k k k

2
2 6 2 2 2 8 4 81 1 1 1+176r k ln lnr - 88r k ln lnr + 76r k ln lnr - 324r k ln lnr

k k k k

2
4 2 2 6 4 6 2 6 4 4 81 1 1 1 1+72r k ln ln r + 38k ln - 72r k ln ln r + 24r k ln lnr -144r k ln lnr

k k k k k

2 2 2 2
2 8 2 2 6 6 8 61 1 1 1 1+16r k ln lnr + 8r ln - 38r ln + 24r k ln - 4r k ln

k k k k k

2 3 3
6 6 4 6 2 8 6 8 81 1 1 1 1+32r k ln - 38k ln + 8k ln + 45r + 4r k ln + 4r k ln

k k k k k

2 3 3 2
8 8 6 6 6 8 6 8 4 4 21 1 1 1+4r k ln - 24r k ln - 24r k ln - 40r k ln + 216r k ln r

k k k k

2 2
4 6 2 4 6 4 8 2 4 8 4 4 2 61 1-216r k ln r +16r k ln + 72r k ln r -180r k lnr -180r k ln -180r k lnr

k k

2 3 2
2 2 2 2 8 2 4 2 41 1 1-16r ln lnr +180r k lnr + 90r k lnr + 72r k ln + 252r k ln

k k k

3 2
2 2 6 8 4 8 4 6 4 21 1 1 1 1+72r k ln -16r k ln +144r k ln - 324r k ln +132r k ln

k k k k k
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3 2 2 3
4 8 4 8 4 4 4 6 4 21 1 1 1 1+36r k ln +120r k ln + 216r k ln - 72r k ln - 36r k ln

k k k k k

2
4 2 2 2 6 2 2 2 81 1 1 1 1+38ln -135k + 74r k ln + 254r k ln - 220r k ln -128r k ln

k k k k k

3 3
2 8 2 6 4 2 2 6 4 4 2 4 61 1 1-16r k ln r -16r k ln - 72r k ln r -16r k ln +180r k lnr + 540r k lnr

k k k

2 2
4 8 2 4 2 2 8 2 41 1 1 1+72r k ln ln r - 88k ln +135k - 84r k ln -162r k ln

k k k k

2 2 2 3 3
2 6 2 2 4 4 4 61 1 1 1 1 1+44r k ln - 38k ln - 8ln + 88k ln - 36r k ln + 36r k ln

k k k k k k

2 6 2 2 2 8 4 8 4 4 2 4 21 1+90r k - 90r k - 45r k + 45r k +135r k + 76r ln lnr - 36r k ln
k k

4 4 4 6 4 2 2 2 21-540r k lnr -135r k - 45r k 2r k ln -1+ k
k

 Euler r=es :

- -1 ds -1 ds2s
1 6z = e e e ds + X

s s s s

3 2
6 2 2 8 2 2

15 e lne s 19 e lne s= - -
8192 368641 1 1 1 1 1k ln ln + ln k + k -1 k ln ln + ln k + k -1

k k k k k k
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3s s 3s s

3 3
6 2 2 4 2 2

7 e lne 7 e lne- +
8192 20481 1 1 1 1 1k ln ln + ln k + k -1 k ln ln + ln k + k -1

k k k k k k

2 3s s 3s s

3 3
2 2 2 2 2

7 k e lne 21 e lne- -
8192 40961 1 1 1 1 1ln ln + ln k + k -1 k ln ln + ln k + k -1

k k k k k k

s s 5s s

2
2 2 2 4 2 2

11 e lne s 17 e lne- +
18432 245761 1 1 1 1 1k ln ln + ln k + k -1 k ln ln + ln k + k -1k k k k k k

5s s 2 5s s

2
4 2 2 2 2

17 e lne 17 k e lne- -
24576 245761 1 1 1 1 1k ln ln + ln k + k -1 ln ln + ln k + k -1

k k k k k k

5s s s s

2
2 2 2 2 2 2

5 e lne 85 e lne s+ -
24576 184321 1 1 1 1 1k ln ln + ln k + k -1 k ln ln + ln k + k -1k k k k k k

s s 5s

2
4 2 2 2 2

11 e lne s 11 e- -
18432 122881 1 1 1 1 1k ln ln + ln k + k -1 ln ln + ln k + k -1k k k k k k

3s s 2

3
6 2 2 2 2

17 e 15 e s+ +
73728 163841 1 1 1 1k ln + ln k + k -1 ln ln + ln k + k -1k k k k k

s s 2

3
2 22 2

15 e s 1 e k s+ -
1 116384 92161 1 1 ln + ln k + k -1ln ln + ln k + k -1 k kk k k
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s s 3s

2 2 4 2 2

17 e s 11 lne e+ -
12288 184321 1 1 1 1ln ln + ln k + k -1 k ln + ln k + k -1

k k k k k

s 7s s 3s

2 2 6 2 2

1 lne e 1 lne e- -
9216 92161 1 1 1 1ln ln + ln k + k -1 k ln + ln k + k -1

k k k k k

s 5s 2 5s

2 2 2 2

41 lne e 211 k e+ +
24576 2949121 1 1 1 1 1ln ln + ln k + k -1 ln ln + ln k + k -1

k k k k k k

5s 3s

3
2 2 2 2 2 2

197 e 57 e+ +
294912 163841 1 1 1 1 1k ln ln + ln k + k -1 k ln ln + ln k + k -1

k k k k k k

2
6 2 2 s2 2 2 s

19 1+ +
1 1 11 1 1 3072k ln ln + ln k + k -1 e73728k ln ln + ln k + k -1 e k k kk k k

3s

2
8 2 2 s 4 2 2

1 3 e- -
20481 1 1 1 1 136864k ln ln + ln k + k -1 e k ln ln + ln k + k -1k k k k k k

3s 2 3s

2
4 2 2 2 2

89 e 9 k e+ +
73728 163841 1 1 1 1 1k ln ln + ln k + k -1 ln ln + ln k + k -1

k k k k k k

s 2

3 2
2 2 2 s 4 2 2

5 85 e s+ -
368641 1 1 1 1 18192k ln ln + ln k + k -1 e k ln ln + ln k + k -1

k k k k k k
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s 2 s 2

3 3
6 2 2 4 2 2

15 e s 5 e s+ -
16384 81921 1 1 1 1 1k ln ln + ln k + k -1 k ln ln + ln k + k -1

k k k k k k

2 2s 5s s 5s

2
4 2 24 2 2

ln e e ln e e1 1- +
4096 4096 1 1 11 1 1 k ln ln + ln k + k -1k ln ln + ln k + k -1 k k kk k k

2 22 s 5s s 5s

2
2 2 22 2

k ln e e ln e e1 1+ -
4096 4096 1 1 11 1 1 k ln ln + ln k + k -1ln ln + ln k + k -1 k k kk k k

22 s 5s 9s
s

6
2 22 2

k ln e e1 1 e+ - + e X
1 14096 1474561 1 1 ln + ln k + k -1ln ln + ln k + k -1
k kk k k

7s 5s

2 2 2 2

1 e 1 e+ -
1 1 1 118432 4096ln + ln k + k -1 ln + ln k + k -1
k k k k

s

2 22 2 s

1 1 e s- +
1 192161 1 1 ln + ln k + k -136864ln ln + ln k + k -1 e
k kk k k

5s 3s

2 2 2 2 2 2

17 e 3 e- +
24576 20481 1 1 1k ln + ln k + k -1 k ln + ln k + k -1

k k k k

2 5s 2 3s

2 2 2 2

1 k e 37 k e+ -
1 1 1 12048 73728ln + ln k + k -1 ln + ln k + k -1
k k k k
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7s

2 2 2 s 2 2

1 1 e+ +
122881 1 1 1 18192k ln + ln k + k -1 e ln ln + ln k + k -1

k k k k k

3s

2
6 2 2 s2 2

1 e 1- -
512 1 11 1 1 8192k ln + ln k + k -1 eln ln + ln k + k -1 k kk k k

3s

2
4 2 22 2 s

19 11 e- -
9216 1 11 1 1 k ln + ln k + k -1147456ln ln + ln k + k -1 e k kk k k

9s 5s

2 2 2 2

1 1ln e ln e
1 1k k+ +

1 1 1 1147456 8192ln + ln k + k -1 ln + ln k + k -1
k k k k

3s

3
2 2 2 2 s

1ln e
1 5k- -

1 19216 1 1 1ln + ln k + k -1 32768ln ln + ln k + k -1 ek k k k k

5s 2 7s

2 22 2

415 e 7 k e- -
1 1294912 737281 1 1 ln + ln k + k -1ln ln + ln k + k -1
k kk k k

s 3s3s

2 22 2

ln e e17 e 11+ +
1 173728 184321 1 1 ln + ln k + k -1ln ln + ln k + k -1
k kk k k

5s 2 3s

3
4 2 2 2 2

11 e 19 k e+ +
24576 327681 1 1 1 1k ln + ln k + k -1 ln ln + ln k + k -1k k k k k
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3s s

3
6 2 26 2 2

19 e 11 e s+ -
32768 18432 1 11 1 1 k ln + ln k + k -1k ln ln + ln k + k -1 k kk k k

3s
2 5s

2
2 2 2 2 2

1ln e
1 11 k ek+ +

2048 368641 1 1 1 1k ln + ln k + k -1 ln ln + ln k + k -1
k k k k k

5s 5s

2 2 2 4 2 2

1 1ln e ln e
1 1k k- -

8192 81921 1 1 1k ln + ln k + k -1 k ln + ln k + k -1
k k k k

7s 5s

2
2 2 2 2 2 2

1 e 11 e- +
24576 122881 1 1 1 1 1k ln ln + ln k + k -1 k ln ln + ln k + k -1k k k k k k

2 5s
3s

2 26 2 2

1k ln e
71 e 1 k- +

1 173728 81921 1 1 ln + ln k + k -1k ln ln + ln k + k -1
k kk k k

2 7s

3
2 2 4 2 2 s

1k ln e
1 15k- -

18432 1 1 1 1 1ln + ln k + k -1 16384k ln ln + ln k + k -1 ek k k k k

5s

4 2 2 2 2 2 s

7 e 1+ +
294912 1 1 1 1 1 1k ln ln + ln k + k -1 3072k ln ln + ln k + k -1 e

k k k k k k
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2s 3s s 5s

2 2
2 2 2 2 2

ln e e ln e e1 3+ +
512 40961 1 1 1 1 1ln ln + ln k + k -1 k ln ln + ln k + k -1

k k k k k k

2 2s 3s s 3s

3 3
6 2 2 4 2 2

ln e e ln e e1 1+ -
4096 10241 1 1 1 1 1k ln ln + ln k + k -1 k ln ln + ln k + k -1

k k k k k k

2s 3s s

2 3
6 2 2 8 2 2

ln e e1 5 e s- -
4096 163841 1 1 1 1 1k ln ln + ln k + k -1 k ln ln + ln k + k -1

k k k k k k

s 2 s

3
4 2 28 2 2

5 e s 137 e s- -
16384 36864 1 1 11 1 1 k ln ln + ln k + k -1k ln ln + ln k + k -1

k k kk k k

s s 2

2
2 2 26 2 2

101 e s 11 e s- +
73728 36864 1 1 11 1 1 k ln ln + ln k + k -1k ln ln + ln k + k -1 k k kk k k

22 s 3s s

2 3
2 2 2 2 2

k ln e e1 5 e s+ -
4096 81921 1 1 1 1 1ln ln + ln k + k -1 k ln ln + ln k + k -1

k k k k k k

22 s 3ss

3 3
4 2 2 2 2

k ln e e5 e s 1- +
8192 40961 1 1 1 1 1k ln ln + ln k + k -1 ln ln + ln k + k -1

k k k k k k

s s

3 3
6 2 2 6 2 2

15 e 5 e s+ -
16384 163841 1 1 1 1 1k ln ln + ln k + k -1 k ln ln + ln k + k -1

k k k k k k
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2 s 7s

3
2 2 22 2

5 k e s 1 e- +
16384 24576 1 11 1 1 k ln + ln k + k -1ln ln + ln k + k -1

k kk k k

7s
3s

3
2 2 2 2

1ln e
1 19 ek- -

18432 81921 1 1 1 1ln + ln k + k -1 ln ln + ln k + k -1
k k k k k

s 2s 3s

3
2 2 2 2 2
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147456 147456 1 1 11 1 1 k ln ln + ln k + k -1e ln ln + ln k + k -1 k k kk k k

s 2 ss

3
4 2 2 2 2

e k ln e s11 e 5- +
36864 163841 1 1 1 1k ln + ln k + k -1 ln ln + ln k + k -1k k k k k

3s s 5s 2 s

6 2 2 2 2

e ln e e k ln e s19 31+ -
147456 1474561 1 1 1 1 1k ln ln + ln k + k -1 ln ln + ln k + k -1

k k k k k k

3s ss

6 2 2 2 2

e ln e19 e s 31+ +
18432 737281 1 1 1 1 1k ln ln + ln k + k -1 ln ln + ln k + k -1

k k k k k k
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7s s 5s s

2 2 2 2 2 2

e ln e e ln e1 1- +
147456 122881 1 1 1k ln + ln k + k -1 k ln + ln k + k -1

k k k k

7s 2 s 3s 2 s

2 2 2 2

e k ln e e k ln e1 1+ +
147456 368641 1 1 1ln + ln k + k -1 ln + ln k + k -1

k k k k

5s 2 s s

2 2 4 2 2

e k ln e1 11 e s- +
12288 184321 1 1 1ln + ln k + k -1 k ln + ln k + k -1

k k k k

9s 2
7s 2

2 2 2 2

1e k ln
1 7 e kk+ -

1474560 11796481 1 1 1 1ln + ln k + k -1 ln ln + ln k + k -1
k k k k k

s3s 2
6

2 2 2 2

e X71 e k 1- -
589824 21 1 1 1 1ln ln + ln k + k -1 ln + ln k + k -1

k k k k k

2 25s 2 s 3s s 3s 2 s

2 3 2
2 2

e k ln e e ln e e k ln e1 1 7+ + -
24576 16384 327681 1 1 1 1ln ln ln ln + ln k + k -1

k k k k k

7s s 3s 2 s

2 2 2 2 2

e ln e e k ln e1 1+ +
147456 1474561 1 1 1 1 1k ln ln + ln k + k -1 ln ln + ln k + k -1

k k k k k k

7s 2 s 3s s

2
2 2 2 2 2

e k ln e e ln e1 3+ -
147456 81921 1 1 1 1 1ln ln + ln k + k -1 k ln ln + ln k + k -1k k k k k k
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s 2 s 2

3
8 2 2 2 2 2

1 e s 5 e s- -
36864 163841 1 1 1 1 1k ln ln + ln k + k -1 k ln ln + ln k + k -1k k k k k k

s 2 s

2 2
8 2 2 8 2 2

19 e s 19 e s+ +
147456 1474561 1 1 1 1 1k ln ln + ln k + k -1 k ln ln + ln k + k -1

k k k k k k

3s s 5s s

2
4 2 2 2 2 2

e ln e e ln e13 19+ -
73728 491521 1 1 1 1 1k ln ln + ln k + k -1 k ln ln + ln k + k -1k k k k k k

s ss 2 2

3 3
2 2 8 2 2

e ln e s5 e k s 5- +
32768 163841 1 1 1 1 1ln ln + ln k + k -1 k ln ln + ln k + k -1

k k k k k k

3s 2
3s

2
2 22 2 2

1e k ln
3 e 1 k+ -

4096 36864 1 11 1 1 ln + ln k + k -1k ln ln + ln k + k -1 k kk k k

s s 2

3
2 22 2

15 e 1 e k- +
32768 36864 1 11 1 1 ln + ln k + k -1ln ln + ln k + k -1 k kk k k

s ss

2
2 2 2 2 2

e ln e7 e 85- +
24576 737281 1 1 1 1 1ln ln + ln k + k -1 k ln ln + ln k + k -1k k k k k k

s s

4 2 2

e ln e11+
73728 1 1 1k ln ln + ln k + k -1

k k k
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s = ln r  z2

6, 7. :

2W = 0
r = 1

2
2 2 2 2

1ln
19 917k- -

1474560 1 1 1 1 1ln + ln k + k -1 589824ln ln + ln k + k -1k k k k k

6 2 2 4 2 2

7 89+ -
1 1 1 1 132768k ln + ln k + k -1 147456k ln ln + ln k + k -1
k k k k k

2

3
2 2 2 2

131 k 21- -
5898240 1 1 1 1 1ln + ln k + k -1 16384ln ln + ln k + k -1

k k k k k

2 2 2 4 2 2

463 143+ -
1 1 1 11179648k ln + ln k + k -1 294912k ln + ln k + k -1
k k k k

2

6
7

2 2 2 2

1k ln
X1 19 k- + X -

2 14745601 1 1 1ln + ln k + k -1 ln + ln k + k -1
k k k k

2 2

2
2 22 2

641 k 217 k+ +
1179648 1179648 1 1 11 1 1 ln ln + ln k + k -1ln ln + ln k + k -1 k k kk k k
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2 3
2 2 2 2 2 2

113 101+ +
1 1 1 1 1 173728k ln ln + ln k + k -1 65536k ln ln + ln k + k -1
k k k k k k

3
2 2 2 4 2 2

1ln
11 17k+ -

49152 1 1 1 1 1k ln + ln k + k -1 32768k ln ln + ln k + k -1k k k k k

2

3 3
2 2 6 2 2

47 k 33+ -
131072 1 1 1 1 1 1ln ln + ln k + k -1 131072k ln ln + ln k + k -1

k k k k k k

2
6

6 2 2 2 2

k X143 1- +
21 1 1 1 1196608k ln ln + ln k + k -1 ln + ln k + k -1

k k k k k

2 2 2 4 2 2

7 671- +
1 1 1 1 1 1393216k ln ln + ln k + k -1 589824k ln ln + ln k + k -1
k k k k k k

2 2
4 2 2 6 2 2

415 367- +
1 1 1 1 1 1589824k ln ln + ln k + k -1 1179648k ln ln + ln k + k -1
k k k k k k

8 2 2 4 2 2

1ln
1 11 k+ +

491521 1 1 1 136864k ln ln + ln k + k -1 k ln + ln k + k -1
k k k k k
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6

2
2 2 8 2 2

1ln X
1 19k+ -
2 1 1 1 1 1ln + ln k + k -1 147456k ln ln + ln k + k -1

k k k k k

3
2 28 2 2

5 73+ -
1 11 1 1 737280 ln + ln k + k -132768k ln ln + ln k + k -1 k kk k k

2
6

2 2

1k ln X
1 k+ = 0
2 1 1ln + ln k + k -1

k k

2W = 01r = k

7 9 2
7 2 2

3 1 893kX + + +
1 24576k 1 1 116384k ln 1179648kln ln + ln k + k -1k k k k

7 2 2 9 2 2

1ln
73 53k- +

491520 1 1 1 1 1k ln + ln k + k -1 131072k ln ln + ln k + k -1
k k k k k

4

2 2 2 2

1k ln
113 k 1 k- -

294912 368641 1 1 1 1ln ln + ln k + k -1 ln + ln k + k -1
k k k k k
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2 2
7 2 2 9 2 2

1097 821+ -
1 1 1 1 1 1589824k ln ln + ln k + k -1 1179648k ln ln + ln k + k -1
k k k k k k

2 7
52 2

13 k 1 3- - -
173728 12288k1 1 1 16384ln kln ln + ln k + k -1 kk k k

2 2

3 2 2 5 2 2

1 1ln ln
1 1k k- -

4096 40961 1 1 1k ln + ln k + k -1 k ln + ln k + k -1
k k k k

6

2 2 2 2

1 1ln kln X
11 1k k+ +

36864 21 1 1 1k ln + ln k + k -1 ln + ln k + k -1
k k k k

3 3
5 2 2 7 2 2

101 21+ -
1 1 1 1 1 165536k ln ln + ln k + k -1 16384k ln ln + ln k + k -1
k k k k k k

3 2
2 2 5 2 2

5 k 181+ -
32768 1 1 1 1 1 1ln ln + ln k + k -1 147456k ln ln + ln k + k -1

k k k k k k

2 2 9 2 2

269 21+ -
1 1 1 1294912k ln + ln k + k -1 655360k ln + ln k + k -1
k k k k

2 2 2 2

361 3 k+ -
163841 1 1 1 1589824kln ln + ln k + k -1 ln + ln k + k -1

k k k k k
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3
2 2 2 2

3 k 33- -
16384 1 1 1 1 1ln + ln k + k -1 131072kln ln + ln k + k -1k k k k k

3
3 3 2 2

1 17+ -
1 1 1 116384k ln 32768k ln ln + ln k + k -1k k k k

2
7 2 23 2 2

305 45- -
1 1 11 1 1 32768k ln ln + ln k + k -1589824k ln ln + ln k + k -1
k k kk k k

3 2 2 5 2 2

377 767- -
1 1 1 1 1589824k ln ln + ln k + k -1 1179648k ln + ln k + k -1
k k k k k

5 2 2 3 2 2

1ln
1627 13 k+ -

491521 1 1 1 11179648k ln ln + ln k + k -1 k ln + ln k + k -1
k k k k k

5 2 2 9 2 2

1 1ln ln
29 13k k+ -

49152 4915201 1 1 1k ln + ln k + k -1 k ln + ln k + k -1
k k k k

6 6
5

2 2 2 2

X kX1 1 1+ - +
2 224576k 1 1 1 1k ln + ln k + k -1 ln + ln k + k -1

k k k k

6

3
9 2 2 9 2 2

1ln X
1 1 47k- + +

1 2 1 1 1 1 116384k ln k ln + ln k + k -1 131072k ln ln + ln k + k -1k k k k k k
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7 2 2 3 2 2

127 217+ - = 0
1 1 1 1184320k ln + ln k + k -1 294912k ln + ln k + k -1
k k k k

:

2w =  

3 5

2
6 2 2 2 2 2

161 r 7 r- +
589824 327681 1 1 1 1 1k ln ln + ln k + k -1 k ln ln + ln k + k -1k k k k k k

5
7

2 2 2 4 2 2

1ln r
7 r 1 k- -

1179648 491521 1 1 1 1k ln ln + ln k + k -1 k ln + ln k + k -1
k k k k k

5
2 5

2
2 2 2 2 2

1ln r
1 7 k rk- +

49152 983041 1 1 1 1k ln + ln k + k -1 ln ln + ln k + k -1k k k k k

25 7

2
2 2 2

r ln r1 7 r+ +
24576 1179648 1 11 k ln + ln k + k -1ln

k kk

3

4 2 2 2 2 2

77 r 11 r- +
294912 737281 1 1 1k ln + ln k + k -1 k ln + ln k + k -1

k k k k

5 3

2
4 2 2 2 2

11 r 41 r+ -
147456 655361 1 1 1 1k ln + ln k + k -1 ln ln + ln k + k -1k k k k k
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2 5
5

2
2 22 2

1k ln r
7 r 1 k- +

32768 49152 1 11 1 1 ln + ln k + k -1ln ln + ln k + k -1
k kk k k

4 4
4 4 6 41 1 1 1- 2115 +10575k - 9075ln k - 2640ln k + 3240ln k

5898240 k k k
r

3 2 2
12 12 12 61 1 1 1 1+131k ln - 3205k ln -1085k ln -11920k ln - 4105ln

k k k k k

4 3 2 4
12 10 10 10 81 1 1 1 1+76k ln + 8130k ln - 496k ln +1300k ln + 440k ln

k k k k k

4 2 4 2
2 6 2 8 81 1 1 1 1-1116k ln +1100k ln - 9700k ln - 4575k ln + 4075k ln

k k k k k

3 3 3 2 3
2 4 61 1 1 1 1+5504k ln - 5815k ln -1960k ln + 2745ln - 789ln

k k k k k

4 5 5 4
10 6 4 12 21 1 1 1-84k ln -1440k ln -1440k ln + 84ln - 2115k - 8460k

k k k k

2 3
4 8 2 8 101 1 1+14585k ln -10575k +11730k ln + 3425k ln + 8460k /

k k k

3
2 2 8 4 4 21 1 1 1 1ln + ln k + k -1 k ln 1+ k - ln + k ln - 2k

k k k k k
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2 7

2 2 2 2

1k ln r
7 rlnr 1 k+ -

12288 1474561 1 1 1 1ln ln + ln k + k -1 ln + ln k + k -1
k k k k k

3
2

2 2 2 2 2

1ln rrln r1 1 k+ +
8192 81921 1 1 1 1ln ln + ln k + k -1 k ln + ln k + k -1

k k k k k

5 2 3

2
4 2 2 2 2

5 r 25 k r+ +
196608 1310721 1 1 1 1 1k ln ln + ln k + k -1 ln ln + ln k + k -1k k k k k k

25

2
2 2 24

r ln r1 1 lnr+ +
24576 8192 1 11 rk ln + ln k + k -1ln k k kk

2

2
4 2 2 2 2

7 r 83 rk+ +
8192 2949121 1 1 1 1 1k ln ln + ln k + k -1 ln ln + ln k + k -1k k k k k k

23

2 3
6 2 2 6

r ln r19 r 1+ -
73728 163841 1 1 1k ln ln + ln k + k -1 k ln

k k k k

3

4 2 2 2 2 2

1rln
1 3 rk+ +

8192 163841 1 1 1 1k ln + ln k + k -1 k ln ln + ln k + k -1
k k k k k
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3

3 2
2 2 6 2 2

5 lnr 7 r- +
32768 1310721 1 1 1 1 1rln ln + ln k + k -1 k ln ln + ln k + k -1

k k k k k k

3 3

3
6 2 2 2 2 2

19 r 81 r+ +
294912 655361 1 1 1 1k ln + ln k + k -1 k ln ln + ln k + k -1k k k k k

8 2 2 6 2 2

1 r 11 rlnr+ -
36864 368641 1 1 1 1k ln ln + ln k + k -1 k ln + ln k + k -1

k k k k k

3 3

2
4 2 22 2

9 r lnr 19 r+ +
16384 73728 1 1 11 1 1 k ln ln + ln k + k -1ln ln + ln k + k -1 k k kk k k

3 3

2 3
4 2 2 6 2 2

23 r 27 r- +
65536 1310721 1 1 1 1 1k ln ln + ln k + k -1 k ln ln + ln k + k -1

k k k k k k

5 2 5

2 2 2 2

43 r lnr 91 k r+ +
147456 5898241 1 1 1 1 1ln ln + ln k + k -1 ln ln + ln k + k -1

k k k k k k

5

3
2 2 22 2

15 rlnr 61 r+ +
16384 589824 1 1 11 1 1 k ln ln + ln k + k -1ln ln + ln k + k -1

k k kk k k

2 3

2 2 4 2 2

1 rk lnr 11 r lnr- -
18432 737281 1 1 1ln + ln k + k -1 k ln + ln k + k -1

k k k k
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2 3

2 2 6 2 2

23 rk 1 r lnr+ -
147456 368641 1 1 1 1ln ln + ln k + k -1 k ln + ln k + k -1

k k k k k

27

3
2 2 2 2

rln r1 r lnr 15- -
73728 327681 1 1 1 1 1ln ln + ln k + k -1 ln ln + ln k + k -1k k k k k k

2 2 6 2 2

1 lnr 1 lnr- -
36864 81921 1 1 1 1rln ln + ln k + k -1 rk ln + ln k + k -1

k k k k k

3 2 3

3 3
2 2 2 2

27 r 27 k r- +
32768 1310721 1 1 1 1 1ln ln + ln k + k -1 ln ln + ln k + k -1

k k k k k k

2 2 2 6 2 2

1rln
1 11 rk+ +

8192 737281 1 1 1k ln + ln k + k -1 k ln + ln k + k -1
k k k k

9
2 5

2 2 2 2

1ln r
1 7 k rk+ +

1474560 737281 1 1 1ln + ln k + k -1 ln + ln k + k -1
k k k k

2
2 2 22 2

19 lnr 11 r- -
147456 36864 1 1 11 1 1 k ln ln + ln k + k -1rln ln + ln k + k -1 k k kk k k

3

3 3
6 2 2 4 2 2

15 r 27 r- -
32768 327681 1 1 1 1 1k ln ln + ln k + k -1 k ln ln + ln k + k -1

k k k k k k
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2 3

6 2 2 2 2

67 r 13 k r- -
147456 983041 1 1 1 1k ln ln + ln k + k -1 ln + ln k + k -1

k k k k k

5

2
2 2 2 2

7 r 19 r lnr- +
24576 491521 1 1 1 1 1ln ln + ln k + k -1 ln ln + ln k + k -1k k k k k k

2 3

3
2 22 2

5 rk 31 r lnr+ +
32768 73728 1 1 11 1 1 ln ln + ln k + k -1ln ln + ln k + k -1 k k kk k k

7

3
2 2 22 2 2

5 r 1 r lnr+ -
16384 147456 1 11 1 1 k ln + ln k + k -1k ln ln + ln k + k -1

k kk k k

25

2
2 2 2 2 2

rln r1 r lnr 25+ +
12288 1474561 1 1 1 1k ln + ln k + k -1 ln ln + ln k + k -1k k k k k

7 2

2 2 4 2 2

1 r k lnr 11 rlnr+ +
147456 184321 1 1 1ln + ln k + k -1 k ln + ln k + k -1

k k k k

5 2 3 2

2 2 2 2

1 r k lnr 1 r k lnr- +
12288 368641 1 1 1ln + ln k + k -1 ln + ln k + k -1

k k k k

2 9
2 7

2 2 2 2

1k ln r
1 7 k rk+ -

1474560 11796481 1 1 1 1ln + ln k + k -1 ln ln + ln k + k -1
k k k k k
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2 3 3

2
2 2 2 2 2

71 k r 3 r- +
589824 40961 1 1 1 1 1ln ln + ln k + k -1 k ln ln + ln k + k -1k k k k k k

2
2 2 22 2 2

173 r 11 rlnr+ -
294912 36864 1 11 1 1 k ln + ln k + k -1k ln ln + ln k + k -1 k kk k k

3 3
4 2 2 8 2 2

5 r 5 r+ +
16384 327681 1 1 1 1 1k ln ln + ln k + k -1 k ln ln + ln k + k -1

k k k k k k

3 2 9

2 2 2 2 2

3 r 1 k r+ +
8192 14745601 1 1 1k ln + ln k + k -1 ln + ln k + k -1

k k k k

2 3

2 2

1k ln r
1 k-

36864 1 1ln + ln k + k -1
k k

4 4
3

8 4 4 2

1 1 1+ -1215 -12150k + 3090ln k
5898240 k1 1 1rk ln 1- ln + ln k + k - 2k

k k k

2
6 4 6 101 1 1 1 1+2640ln k -1920ln k + 5105ln k + 3345ln + 4245ln k

k k k k k

3 2 4 4
10 10 8 2 61 1 1 1+949ln k + 3345ln k -1836ln k +116ln k +12150k

k k k k

2 2 3
6 2 8 8 21 1 1 1 1+12090ln k + 5250ln k -13635ln k - 7530ln k - 4244ln k

k k k k k
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3 3 2 3 4
4 6 101 1 1 1 1+1695ln k + 7135ln k - 2585ln + 789ln + 84ln k

k k k k k

5 5 4 2
6 4 2 41 1 1 1+1440ln k +1440ln k - 84ln + 6075k - 3585ln k

k k k k

3
8 2 8 101 1-6075k - 9135ln k - 6324ln k +1215k

k k

3

2 3
8 2 2 2 2

19 r 1 r lnr- +
147456 10241 1 1 1 1 1k ln ln + ln k + k -1 ln ln + ln k + k -1

k k k k k k

2 2

6 2 2 8 2 2

rln r rln r1 1+ +
8192 368641 1 1 1 1 1k ln ln + ln k + k -1 k ln ln + ln k + k -1

k k k k k k

2 22 2

2
2 2 2 2

rk ln r rk ln r1 19+ +
36864 1474561 1 1 1 1 1ln ln + ln k + k -1 ln ln + ln k + k -1k k k k k k

2 22

3 3
2 2 4 2 2

rk ln r rln r5 5+ +
32768 163841 1 1 1 1 1ln ln + ln k + k -1 k ln ln + ln k + k -1

k k k k k k

2 5

3
2 28 2 2

rln r5 1 r+ -
32768 24576 1 11 1 1 ln + ln k + k -1k ln ln + ln k + k -1 k kk k k

7 9

2 2 2 2

1 r 1 r+ -
147456 14745601 1 1 1ln + ln k + k -1 ln + ln k + k -1

k k k k
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23

3 2
2 2 2

r ln r3 211 rlnr- +
16384 1474561 1 1 1k ln ln ln + ln k + k -1

k k k k

3 2 3

3 3
2 2 2 2 2

3 r lnr 1 k r lnr- -
2048 40961 1 1 1 1 1k ln ln + ln k + k -1 ln ln + ln k + k -1

k k k k k k

3 3

3 3
4 2 2 6 2 2

1 r lnr 1 r lnr+ -
1024 40961 1 1 1 1 1k ln ln + ln k + k -1 k ln ln + ln k + k -1

k k k k k k

2
6 2 2 4 2 2

67 rlnr 83 rlnr+ +
73728 1474561 1 1 1 1 1k ln ln + ln k + k -1 k ln ln + ln k + k -1k k k k k k

5

3
2 2 22 2 2

5 rlnr 7 r lnr- +
8192 147456 1 1 11 1 1 k ln ln + ln k + k -1k ln ln + ln k + k -1 k k kk k k

2 5 5

2
4 2 22 2

19 k r lnr 19 r lnr- -
147456 147456 1 1 11 1 1 k ln ln + ln k + k -1ln ln + ln k + k -1

k k kk k k

5 5

2
4 2 2 4 2 2

19 r lnr 19 r lnr+ +
147456 1474561 1 1 1 1 1k ln ln + ln k + k -1 k ln ln + ln k + k -1k k k k k k

2

2 2
2 2 8 2 2

83 k rlnr 19 lnr- +
147456 1474561 1 1 1 1 1ln ln + ln k + k -1 rk ln ln + ln k + k -1

k k k k k k
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2 2

3 2
6 2 2 4 2 2

rln r rln r15 85- +
32768 737281 1 1 1 1 1k ln ln + ln k + k -1 k ln ln + ln k + k -1

k k k k k k

3
2 2 28 2 2

5 rlnr 11 rlnr- +
16384 18432 1 1 11 1 1 k ln ln + ln k + k -1k ln ln + ln k + k -1 k k kk k k

2

2 3
6 2 2 2 2

19 lnr 5 k rlnr- -
73728 163841 1 1 1 1 1rk ln ln + ln k + k -1 ln ln + ln k + k -1

k k k k k k

3 3
6 2 2 4 2 2

15 rlnr 5 rlnr+ -
16384 81921 1 1 1 1 1k ln ln + ln k + k -1 k ln ln + ln k + k -1

k k k k k k

2

2
2 2 2 6 2 2

rln r11 19 rlnr- -
73728 368641 1 1 1 1 1k ln ln + ln k + k -1 k ln ln + ln k + k -1k k k k k k

3

2 2 2 2

11 r 1 r- -
294912 368641 1 1 1ln + ln k + k -1 ln + ln k + k -1

k k k k

2 23 33

3 3
2 24

r ln r r ln r3 17 r 1+ - +
16384 147456 163841 1 11 1ln ln + ln k + k -1k ln lnk k kk k

5 3

2 2 2 2 2

19 r 11 r lnr- +
147456 737281 1 1 1k ln + ln k + k -1 ln + ln k + k -1

k k k k
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7

2 2 2 2

1r ln
1 1 rlnrk- +

147456 184321 1 1 1ln + ln k + k -1 ln + ln k + k -1
k k k k

2
4 2 24 2 2

83 r 7 rlnr- -
294912 4096 1 1 11 1 1 k ln ln + ln k + k -1k ln ln + ln k + k -1 k k kk k k

3

2
2 2 26 2 2

1rln lnr
3 r lnr 1 k+ -

32768 4096 1 11 1 1 k ln + ln k + k -1k ln ln + ln k + k -1 k kk k k

2

8 2 2 2 2

1 rlnr 23 rk lnr- -
18432 737281 1 1 1 1 1k ln ln + ln k + k -1 ln ln + ln k + k -1

k k k k k k

3
2 2 22 2 2

5 lnr 1 lnr+ +
8192 3072 1 1 11 1 1 rk ln ln + ln k + k -1rk ln ln + ln k + k -1 k k kk k k

2
8 2 22 2 2

19 lnr 1 lnr+ -
73728 36864 1 1 11 1 1 rk ln ln + ln k + k -1rk ln ln + ln k + k -1 k k kk k k

2
4 2 28 2 2

1rln lnr
19 rlnr 1 k+ -
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1. -
.

      program flow 
 implicit none 
 double precision k,r,w1,w2,th ,pi,f,w,d,s2,s3,s4,s5,s6,s7,s8,s9, 
 *s10,s11,s12,s13,s14,s15,s16,s17,s18,s19,p1,p2,p3,p4,j,i,h,s1, 
 *stress_ax 
      integer iter,iter_th 
 open(16,file='w_cnt_k_2d100.dat',access='sequential',status='old') 
 open(17,file='f_cnt_k_2d100.dat',access='sequential',status='old') 
 open(18,file='w1_pr_k_2d100.dat',access='sequential',status='old') 
 open(19,file='f_pr_k_2d100.dat',access='sequential',status='old') 
 open(20,file='w2_pr_k_2d100.dat',access='sequential',status='old') 
 open(21,file='strs_k_2d100.dat',access='sequential',status='old') 
 open(22,file='strs_k2d1_r_1.dat',access='sequential',status='old') 
 open(23,file='strs_k2d1_r_k.dat',access='sequential',status='old') 

      write(*,*) 'GIVE THE VALUE OF k' 
 read(*,*) k 
 write(*,*) 'GIVE THE VALUE OF d' 
 read(*,*) d 
 pi=acos(-1.d0) 
 iter_th=0 
 do th=.0d0 ,2.d0*pi,  2.d0*pi/128.d0 
 iter_th=iter_th+1 
 iter=1 
  do r=1.d0/k,1.d0,(1.d0-1.d0/k)/200. 
   h=log(k) 
   i=log(r) 
   j=log(1.d0/k) 
      p2=5.d0/1024.d0/k**2/j*r**3-17.d0/4096.d0/k**4/j**2*r**3-1.d0/ 
     *k**2/j*r**5/2304.+17.d0/2048.d0/k**2/j**2*r**3-r**5/j*i/ 
     *1536.-1/j**2*r**3*i**2/512.-r*(-45.+8.*k**8*j**2+88.*j*k**2- 
     *252.*j*k**4+88.*j*k**6+90.*k**2+38.*j*k**8+38.*j-8.*j**2+45.*k**8 
     *-90.*k**6-44.*k**2*j**2+44.*k**6*j**2)/k**6/j**2/(k**2+j*k**2-1.+ 
     *j)*i/18432.+1./j*r**3*i/256.+5.d0/1024.d0*r**3/j**2* 
     *i-r**3/k**4/j**2*i**2/512.-5.d0/512.d0*r**3/k**2/j**2* 
     *i+1./k**2/j**2*r**3*i**2/256. 
      p3=p2-1./k**2/j*r**3*i/256.+r**5/k**2/j*i/1536.+5.d0/ 
     *1024.d0*r**3/k**4/j**2*i-r**3/k**4*(36.+108.*k**4+63.*j*k**2 
     *+63.*j*k**4-63.*j*k**6-108.*k**2-63.*j-24.*k**4*j**2+44.*j**2+12. 
     **k**4*j**3-12.*j**3-36.*k**6-12.*j**3*k**2-20.*k**6*j**2+12.*j**3 
     **k**6)/j**2/(k**2+j*k**2-1.+j)/12288.+1./j*r**5/2304. 
      p4=p3-17.d0/4096.d0/j**2*r**3+r*(-45.+8.*k**8*j**2+88.*j*k**2- 
     *252.*j*k**4+88.*j*k**6+90.*k**2+38.*j*k**8+38.*j-8*j**2+45.*k**8 
     *-90.*k**6-44.*k**2*j**2+44.*k**6*j**2)/k**6/j**2/(k**2+j*k**2-1.+ 
     *j)/36864.-1./r*(-36.*j**3*k**2-38.*j*k**2+8.*k**6*j**2-45.+38.*j* 
     *k**6+45.*k**6-38.*j*k**4-36.*k**4*j**3-88.*k**4*j**2-135.*k**4+ 
     *88.*k**2*j**2+135.*k**2+38.*j-8.*j**2)/k**6/j**2/(k**2+j*k**2 
     *-1.+j)/36864. 
      p1=p4-5.d0/1024.d0/j*r**3-r**7/9216.+r**5/1536.+r*(8.*k**6*j**2 
     *+38.*j*k**6+45.*k**6+8.*k**4*j**2-44.*j*k**4-171.*k**4-36.*k**2* 
     *j**2-126.*j*k**2+207.*k**2-36.*j**2+132.*j-81.)/j/k**4/(k**2+j* 
     *k**2-1.+j)/18432. 
      p2=sin(th) 

      f=d**2*p1*p2 
      w1=-(r**2/4.)+(k**2-1.)/(4.*k**2*h)*i+1./4. 

     s4=r*k**2/(k**2+j*k**2-1.+j)/36864.+7.d0/73728.d0*k**2/(k**2+j* 
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     *k**2-1.+j)*r**5-15.d0/32768.d0*r/j**3/(k**2+j*k**2-1.+j)-7.d0/ 
     *32768.d0/j**2/(k**2+j*k**2-1.+j)*r**5-11.d0/294912.d0/(k**2+j* 
     *k**2-1.+j)*r**3-41.d0/65536.d0/j**2/(k**2+j*k**2-1.+j)*r**3+r/ 
     *(k**2+j*k**2-1.+j)*i/18432.+19.d0/294912.d0/k**6/(k**2+j* 
     *k**2-1.+j)*r**3+1./k**2*j/(k**2+j*k**2-1.+j)*r**3/8192.-1./k**2*j 
     */(k**2+j*k**2-1.+j)*r**5/49152.+5.d0/196608.d0/k**4/j/(k**2+j* 
     *k**2-1.+j)*r**5 
      s3=s4+11.d0/73728.d0*r/k**6/(k**2+j*k**2-1.+j)-19.d0/147456.d0/ 
     *k**2/(k**2+j*k**2-1.+j)*r**5-11.d0/36864.d0*r/k**4/(k**2+j*k**2-1. 
     *+j)+11.d0/147456.d0/k**4/(k**2+j*k**2-1.+j)*r**5+r**3/j**3* 
     *i**2/16384.+11.d0/73728.d0/(k**2+j*k**2-1.+j)*i*r**3+ 
     *7.d0/1179648.d0/k**2/(k**2+j*k**2-1.+j)*r**7-j/(k**2+j*k**2-1.+j)* 
     *r**7/147456.-7.d0/147456.d0/j/(k**2+j*k**2-1.+j)*r**3+r**5/j**2* 
     *i**2/24576.+3.d0/8192.d0/k**2/(k**2+j*k**2-1.+j)*r**3 
      s5=s3-13.d0/98304.d0*k**2/(k**2+j*k**2-1.+j)*r**3+11.d0/73728.d0 
     **r/k**2/(k**2+j*k**2-1.+j)+1./r/k**2/j/(k**2+j*k**2-1.+j)*i/ 
     *3072.-r/k**2*j/(k**2+j*k**2-1.+j)*i/4096.-11.d0/73728.d0*r/ 
     *k**2/j/(k**2+j*k**2-1.+j)*i**2 
      s4 = s5-167.d0/589824.d0/j/(k**2+j*k**2-1.+j)*r**5-211.d0/ 
     *294912.d0*r/j**2/(k**2+j*k**2-1.+j)+7.d0/589824.d0/j/(k**2+j*k**2- 
     *1.+j)*r**7-5.d0/393216.d0*k**2/(k**2+j*k**2-1.+j)*r**7+j/(k**2+j* 
     *k**2-1.+j)*r**5/49152.+j/(k**2+j*k**2-1.+j)*r**9/1474560. 
      s5=s4-77.d0/294912.d0/k**4/(k**2+j*k**2-1.+j)*r**3-7.d0/24576.d0 
     **r/j/(k**2+j*k**2-1.+j)+k**2/(k**2+j*k**2-1.+j)*r**9/1474560.- 
     *27.d0/32768.d0/j**3/(k**2+j*k**2-1.+j)*r**3-j/(k**2+j*k**2-1.+j)* 
     *r**3/36864. 
      s2 = s5+13.d0/73728.d0/k**4/j/(k**2+j*k**2-1+j)*i*r**3-3.d0/ 
     *8192.d0/k**2/j**2/(k**2+j*k**2-1.+j)*i*r**3+r/k**2*j/(k**2+j 
     **k**2-1.+j)/8192.+23.d0/147456.d0*r*k**2/j/(k**2+j*k**2-1.+j)+ 
     *7.d0/8192.d0*r/k**4/j/(k**2+j*k**2-1.+j)-19.d0/147456.d0*r/k**8/ 
     *j**2/(k**2+j*k**2-1.+j)+r/k**6/j/(k**2+j*k**2-1.+j)*i**2/ 
     *8192. 
      s5 = -15.d0/32768.d0*r/j**3/(k**2+j*k**2-1.+j)*i**2+r*k**2/ 
     *j/(k**2+j*k**2-1.+j)*i**2/36864.-r/k**4*j/(k**2+j*k**2-1.+j) 
     **i/4096.-5.d0/32768.d0/r/k**8/j**3/(k**2+j*k**2-1.+j)*i 
     *-23.d0/73728.d0*r*k**2/j/(k**2+j*k**2-1.+j)*i 
      s4 = s5-11.d0/73728.d0/k**4/(k**2+j*k**2-1.+j)*i*r**3-3.d0/ 
     *16384.d0*r**3/k**2/j**3*i**2+5.d0/16384.d0*r/k**4/j**3/(k**2 
     *+j*k**2-1.+j)+61.d0/589824.d0/k**2/j/(k**2+j*k**2-1.+j)*r**5-5.d0 
     */32768.d0/r/j**3/(k**2+j*k**2-1.+j)*i+19.d0/73728.d0*r/k**6/ 
     *j**2/(k**2+j*k**2-1.+j) 
      s5 = s4+5.d0/32768.d0*r*k**2/j**3/(k**2+j*k**2-1.+j)+91.d0/ 
     *589824.d0*k**2/j/(k**2+j*k**2-1.+j)*r**5-1./r/k**8/j/(k**2+j*k**2 
     *-1.+j)*i/36864.+19.d0/73728.d0/r/k**2/j**2/(k**2+j*k**2-1.+j) 
     **i+1./r/k**6/j/(k**2+j*k**2-1.+j)*i/3072. 
      s3 = s5-15.d0/32768.d0*r/k**6/j**3/(k**2+j*k**2-1.+j)*i**2- 
     *11.d0/18432.d0/r/k**4/j/(k**2+j*k**2-1.+j)*i-85.d0/73728.d0* 
     *r/k**2/j**2/(k**2+j*k**2-1.+j)*i**2+5.d0/8192.d0/r/k**6/j**3 
     */(k**2+j*k**2-1.+j)*i+15.d0/16384.d0*r/k**6/j**3/(k**2+j*k**2 
     *-1.+j)*i-19.d0/147456.d0*r/k**8/j**2/(k**2+j*k**2-1.+j)* 
     *i**2-r/k**8/j/(k**2+j*k**2-1.+j)*i/18432. 
      s5=-19.d0/147456.d0/k**4/j/(k**2+j*k**2-1.+j)*i*r**5+5.d0/ 
     *16384.d0*r/k**2/j**3/(k**2+j*k**2-1.+j)*i**2+s2+s3-25.d0/ 
     *147456.d0*r/k**6/j**2/(k**2+j*k**2-1.+j)*i**2+85.d0/73728.d0 
     **r/k**4/j**2/(k**2+j*k**2-1.+j)*i**2 
      s6 = s5-173.d0/147456.d0*r/k**2/j**2/(k**2+j*k**2-1.+j)*i+ 
     *5.d0/32768.d0*r*k**2/j**3/(k**2+j*k**2-1.+j)*i**2 
      s8 = s6 
      s10 = r/j**2/5898240. 
      s11=1./(k**2+j*k**2-1.+j)*(2115.+76.*k**12*j**4-11920.*k**6*j**2 
     *-1440.*j**5*k**4+8130.*j*k**10-496.*j**3*k**10+1300.*k**10*j**2- 
     *84.*j**4*k**10-1440.*j**5*k**6+440.*k**8*j**4-1116.*j**4*k**2- 
     *10575.*k**8+10575.*k**4-9075.*j*k**4+14585.*k**4*j**2-2115.*k**12 
     *+2745.*j**2-8460.*k**2-1960.*j**3*k**6-2640.*j**4*k**6+84.*j**4- 
     *1085.*k**12*j**2-3205.*k**12*j+131.*k**12*j**3+3240.*j**4*k**4- 
     *4105.*j+8460.*k**10+3425.*j**3*k**8+4075.*k**8*j**2-789.*j**3- 
     *4575.*j*k**8+5504.*j**3*k**2+1100.*j*k**6-5815.*k**4*j**3-9700.* 
     *k**2*j**2+11730.*j*k**2)/k**8/(k**4+1.-2.*k**2-j+j*k**4) 
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      s9 = s10*s11 
      s7 = s8+s9 
      s9 = s7 
      s11 = r/k**6/5898240. 
      s13=1./(k**2+j*k**2-1.+j)*(2115.+76.*k**12*j**4-11920.*k**6*j**2 
     *-1440.*j**5*k**4+8130.*j*k**10-496.*j**3*k**10+1300.*k**10*j**2- 
     *84.*j**4*k**10-1440.*j**5*k**6+440.*k**8*j**4-1116.*j**4*k**2- 
     *10575.*k**8+10575.*k**4-9075.*j*k**4+14585.*k**4*j**2-2115.*k**12 
     *+2745.*j**2-8460.*k**2-1960.*j**3*k**6-2640.*j**4*k**6+84.*j**4- 
     *1085.*k**12*j**2-3205.*k**12*j+131.*k**12*j**3+3240.*j**4*k**4- 
     *4105.*j+8460.*k**10+3425.*j**3*k**8+4075.*k**8*j**2-789.*j**3- 
     *4575.*j*k**8+5504.*j**3*k**2+1100.*j*k**6-5815.*k**4*j**3-9700.* 
     *k**2*j**2+11730.*j*k**2) 
      s14 = 1./j**3/(k**4+1.-2.*k**2-j+j*k**4) 
      s12 = s13*s14 
      s10 = s11*s12 
      s8 = s9+s10 
      s4 = s8+r/k**8/j/(k**2+j*k**2-1.+j)*i**2/36864.+5.d0/ 
     *32768.d0*r/k**8/j**3/(k**2+j*k**2-1.+j)*i**2 
      s5 = s4+k**2/j/(k**2+j*k**2-1.+j)*i*r**3/147456.-11.d0/ 
     *36864.d0*r/k**2/j/(k**2+j*k**2-1.+j)+31.d0/73728.d0/j/(k**2+j*k**2 
     *-1.+j)*i*r**3+83.d0/294912.d0*r*k**2/j**2/(k**2+j*k**2-1.+j)+ 
     *r/k**4*j/(k**2+j*k**2-1.+j)/8192.-67.d0/147456.d0*r/k**6/j/(k**2+j 
     **k**2-1.+j) 
      s1 = s5-k**2/(k**2+j*k**2-1.+j)*i*r**5/12288.-1./k**6/(k**2+ 
     *j*k**2-1.+j)*i*r**3/36864.-1./j/(k**2+j*k**2-1.+j)*i* 
     *r**7/73728.+3.d0/16384.d0/k**2/j/(k**2+j*k**2-1.+j)*r**3+19.d0/ 
     *49152.d0/j**2/(k**2+j*k**2-1.+j)*i*r**5+43.d0/147456.d0/j/ 
     *(k**2+j*k**2-1.+j)*i*r**5-1./k**4/j**2/(k**2+j*k**2-1.+j)* 
     *i*r**3/16384. 
   s4 = s1+9.d0/16384.d0/j**2/(k**2+j*k**2-1.+j)*i*r**3-19.d0/ 
     *147456.d0*k**2/j**2/(k**2+j*k**2-1.+j)*i*r**5+1./k**2/(k**2 
     *+j*k**2-1.+j)*i*r**5/12288.+15.d0/16384.d0*r/j**3/(k**2+j* 
     *k**2-1.+j)*i-1./k**2/(k**2+j*k**2-1.+j)*i*r**7/147456. 
     *+7.d0/147456.d0/k**2/j/(k**2+j*k**2-1.+j)*i*r**5+k**2/(k**2 
     *+j*k**2-1.+j)*i*r**7/147456.+67.d0/73728.d0*r/k**6/j/(k**2+ 
     *j*k**2-1.+j)*i-161.d0/589824.d0/k**6/j/(k**2+j*k**2-1.+j)* 
     *r**3+27.d0/131072.d0*k**2/j**3/(k**2+j*k**2-1.+j)*r**3 
      s5=s4+7.d0/32768.d0/k**2/j**2/(k**2+j*k**2-1.+j)*r**5-5.d0/ 
     *16384.d0*r*k**2/j**3/(k**2+j*k**2-1.+j)*i-7.d0/98304.d0/k**4 
     */j**2/(k**2+j*k**2-1.+j)*r**5-5.d0/16384.d0*r/k**8/j**3/(k**2+j* 
     *k**2-1.+j)*i+1./j**3/(k**2+j*k**2-1.+j)*i*r**3/1024. 
      s3 = s5+19.d0/147456.d0*r*k**2/j**2/(k**2+j*k**2-1.+j)*i**2- 
     *1./(k**2+j*k**2-1.+j)*r**9/1474560.+1./r/k**2/(k**2+j*k**2-1.+j)* 
     *i/8192.+211.d0/147456.d0*r/j**2/(k**2+j*k**2-1.+j)*i- 
     *11.d0/36864.d0*r/k**6/(k**2+j*k**2-1.+j)*i+11.d0/18432.d0 
     **r/k**4/(k**2+j*k**2-1.+j)*i+7.d0/12288.d0*r/j/(k**2+j*k**2- 
     *1.+j)*i 
      s4 = s3-19.d0/36864.d0*r/k**6/j**2/(k**2+j*k**2-1.+j)*i-r* 
     *k**2/(k**2+j*k**2-1.+j)*i/18432.-11.d0/36864.d0*r/k**2/(k**2 
     *+j*k**2-1.+j)*i+19.d0/73728.d0*r/k**8/j**2/(k**2+j*k**2-1.+j) 
     **i+r/j/(k**2+j*k**2-1.+j)*i**2/8192.-5.d0/8192.d0*r/k**2 
     */j**3/(k**2+j*k**2-1.+j)*i+25.d0/147456.d0*r/j**2/(k**2+j* 
     *k**2-1.+j)*i**2+r**5/k**4/j**2*i**2/24576.-r**3/k**6/ 
     *j**3*i**2/16384.+27.d0/131072.d0/k**6/j**3/(k**2+j*k**2-1.+j) 
     **r**3+k**2/j/(k**2+j*k**2-1.+j)*i*r**7/147456. 
      s5 = s4+1./k**2/j/(k**2+j*k**2-1.+j)*i*r**7/147456.-3.d0/ 
     *4096.d0/k**2/j/(k**2+j*k**2-1.+j)*i*r**3+81.d0/65536.d0/k**2/ 
     *j**3/(k**2+j*k**2-1.+j)*r**3-1./r/k**6/(k**2+j*k**2-1.+j)*i/ 
     *8192.+83.d0/147456.d0*r/k**4/j**2/(k**2+j*k**2-1.+j)*i 
      s6 = s5-27.d0/32768.d0/k**4/j**3/(k**2+j*k**2-1.+j)*r**3-83.d0/ 
     *147456.d0*r*k**2/j**2/(k**2+j*k**2-1.+j)*i+19.d0/147456.d0/ 
     *k**4/j**2/(k**2+j*k**2-1.+j)*i*r**5 
      s8 = s6 
      s10 = -r/(k**2+j*k**2-1.+j)/5898240. 
      s11=(2115.+76.*k**12*j**4-11920.*k**6*j**2-1440.*j**5*k**4+8130. 
     **j*k**10-496.*j**3*k**10+1300.*k**10*j**2-84.*j**4*k**10-1440.* 
     *j**5*k**6+440.*k**8*j**4-1116.*j**4*k**2-10575.*k**8+10575.*k**4- 



- 157 -

     *9075.*j*k**4+14585.*k**4*j**2-2115.*k**12+2745.*j**2-8460.*k**2 
     *-1960.*j**3*k**6-2640.*j**4*k**6+84.*j**4-1085.*k**12*j**2-3205.* 
     *k**12*j+131.*k**12*j**3+3240.*j**4*k**4-4105.*j+8460.*k**10+3425. 
     **j**3*k**8+4075.*k**8*j**2-789.*j**3-4575.*j*k**8+5504.*j**3*k**2 
     *+1100.*j*k**6-5815.*k**4*j**3-9700.*k**2*j**2+11730.*j*k**2)/j**3/ 
     *k**8/(k**4+1.-2*k**2-j+j*k**4) 
      s9 = s10*s11 
      s7 = s8+s9 
      s2=s7-1./(k**2+j*k**2-1.+j)*r**5/24576.+1./(k**2+j*k**2-1.+j)* 
     *r**7/147456.+r/k**8/j/(k**2+j*k**2-1.+j)/36864. 
      s6 = s2+19.d0/147456.d0/r/k**8/j**2/(k**2+j*k**2-1.+j)*i 
      s8 = s6 
      s10 = r/k**6/5898240. 
      s12 = 1./j**2/(k**2+j*k**2-1.+j) 
      s13=(2115.+76.*k**12*j**4-11920.*k**6*j**2-1440.*j**5*k**4+8130. 
     **j*k**10-496.*j**3*k**10+1300.*k**10*j**2-84.*j**4*k**10-1440.* 
     *j**5*k**6+440.*k**8*j**4-1116.*j**4*k**2-10575.*k**8+10575.*k**4- 
     *9075.*j*k**4+14585.*k**4*j**2-2115.*k**12+2745.*j**2-8460.*k**2 
     *-1960.*j**3*k**6-2640.*j**4*k**6+84.*j**4-1085.*k**12*j**2-3205. 
     **k**12*j+131.*k**12*j**3+3240.*j**4*k**4-4105.*j+8460.*k**10+3425. 
     **j**3*k**8+4075.*k**8*j**2-789.*j**3-4575.*j*k**8+5504.*j**3*k**2 
     *+1100.*j*k**6-5815.*k**4*j**3-9700.*k**2*j**2+11730.*j*k**2)/(k**4 
     *+1.-2.*k**2-j+j*k**4) 
      s11 = s12*s13 
      s9 = s10*s11 
      s7 = s8+s9 
      s5 = s7-31.d0/147456.d0*k**2/j/(k**2+j*k**2-1.+j)*i*r**5- 
     *23.d0/65536.d0/k**4/j**2/(k**2+j*k**2-1.+j)*r**3 
      s4 = s5-71.d0/589824.d0*k**2/j/(k**2+j*k**2-1.+j)*r**3-15.d0/ 
     *32768.d0*r/k**6/j**3/(k**2+j*k**2-1.+j)+5.d0/16384.d0*r/k**2/j**3/ 
     *(k**2+j*k**2-1.+j)-83.d0/294912.d0*r/k**4/j**2/(k**2+j*k**2-1.+j)+ 
     *173.d0/294912.d0*r/k**2/j**2/(k**2+j*k**2-1.+j)+3.d0/16384.d0*r**3 
     */k**4/j**3*i**2 
      s5 = s4-r**5/k**2/j**2*i**2/12288.+25.d0/131072.d0*k**2/j**2/ 
     *(k**2+j*k**2-1.+j)*r**3-15.d0/16384.d0/r/k**4/j**3/(k**2+j* 
     *k**2-1.+j)*i-19.d0/49152.d0/k**2/j**2/(k**2+j*k**2-1.+j)* 
     *i*r**5+3.d0/32768.d0/k**6/j**2/(k**2+j*k**2-1.+j)*i*r**3 
      s3 = s5+11.d0/18432.d0*r/k**2/j/(k**2+j*k**2-1+j)*i-3.d0/ 
     *2048.d0/k**2/j**3/(k**2+j*k**2-1.+j)*i*r**3-7.d0/32768.d0* 
     *k**2/j**2/(k**2+j*k**2-1.+j)*i*r**3-r/(k**2+j*k**2-1.+j)/ 
     *36864.+k**2*j/(k**2+j*k**2-1.+j)*r**9/1474560.+19.d0/73728.d0/k**4 
     */j/(k**2+j*k**2-1.+j)*r**3-1./k**6/j**3/(k**2+j*k**2-1.+j)*i* 
     *r**3/4096. 
      s5 = s3+3.d0/4096.d0/k**2/j**2/(k**2+j*k**2-1.+j)*r**3-7.d0/ 
     *1179648.d0*k**2/j/(k**2+j*k**2-1.+j)*r**7+5.d0/8192.d0/r/k**2/j**3 
     */(k**2+j*k**2-1.+j)*i+7.d0/98304.d0*k**2/j**2/(k**2+j*k**2- 
     *1.+j)*r**5+5.d0/16384.d0*r/k**4/j**3/(k**2+j*k**2-1.+j)*i**2 
      s4 = s5-19.d0/147456.d0/r/j**2/(k**2+j*k**2-1.+j)*i-11.d0/ 
     *73728.d0*r/k**4/j/(k**2+j*k**2-1.+j)*i**2+1./k**4/j**3/(k**2 
     *+j*k**2-1.+j)*i*r**3/1024.+1./k**4*j/(k**2+j*k**2-1.+j)*r**3 
     */8192.-5.d0/8192.d0*r/k**4/j**3/(k**2+j*k**2-1.+j)*i-7.d0/ 
     *1179648.d0/k**2/j/(k**2+j*k**2-1.+j)*r**7 
      s6 = s4-k**2*j/(k**2+j*k**2-1.+j)*r**7/147456.-1./k**4*j/(k**2+j* 
     *k**2-1.+j)*r**5/49152. 
      s7 = s6+1./r*(-1215.+5105.*k**6*j**2+1440.*j**5*k**4+4245.*j* 
     *k**10+949.*j**3*k**10+3345.*k**10*j**2+84.*j**4*k**10+1440.*j**5 
     **k**6-1836.*k**8*j**4+1116.*j**4*k**2-6075.*k**8-12150.*k**4+3090. 
     **j*k**4-3585.*k**4*j**2-2585.*j**2+6075.*k**2+7135.*j**3*k**6+ 
     *2640.*j**4*k**6-84.*j**4+12150.*k**6-1920.*j**4*k**4+3345.*j+1215. 
     **k**10-6324.*j**3*k**8-7530.*k**8*j**2+789.*j**3-13635.*j*k**8- 
     *4244.*j**3*k**2+12090.*j*k**6+1695.*k**4*j**3+5250.*k**2*j**2- 
     *9135.*j*k**2)/j**3/k**8/(k**4+1.-2*k**2-j+j*k**4)/5898240. 
      s5 = s7-19.d0/73728.d0/r/k**6/j**2/(k**2+j*k**2-1.+j)*i-k**2 
     */j**3/(k**2+j*k**2-1.+j)*i*r**3/4096.+5.d0/32768.d0*r/k**8/ 
     *j**3/(k**2+j*k**2-1.+j) 
      w2 = s5-1./r/j/(k**2+j*k**2-1.+j)*i/36864.+k**2/(k**2+j*k**2 
     *-1.+j)*i*r**3/36864.+7.d0/131072.d0/k**6/j**2/(k**2+j*k**2- 
     *1.+j)*r**3-k**2*j/(k**2+j*k**2-1.+j)*r**3/36864.+19.d0/147456.d0/ 
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     *k**6/j/(k**2+j*k**2-1.+j)*i*r**3-7.d0/4096.d0*r/k**4/j/(k**2 
     *+j*k**2-1.+j)*i+k**2*j/(k**2+j*k**2-1.+j)*r**5/49152. 

      w=d*w1+d**3*w2*cos(th)    
   write(16,*) r*cos(th), r*sin(th), w 
   write(17,*) r*cos(th), r*sin(th), f 
      s1 = -d*(-r/2.-(-1.+k**2)/j/k**2/r/4.) 
      s3 = -1. 
      s5 = d**3 
      s12 = 7.D0/147456.D0/(j+j*k**2+k**2-1.)*r**6+11.D0/294912.D0/(j+ 
     #j*k**2+k**2-1.)*r**2+3.D0/8192.D0/k**4*j/(j+j*k**2+k**2-1.)*r**2 
      s14 = s12 
      s16 = 1./j**2/(j+j*k**2+k**2-1.)/5898240. 
      s17 = (2115.-11920.*k**6*j**2-1085.*k**12*j**2+131.*k**12*j**3- 
 #1440.*j**5*k**6-2115.*k**12+76.*k**12*j**4-3205.*k**12*j-10575.* 
     #k**8-1960.*j**3*k**6+8460.*k**10-1116.*j**4*k**2-789.*j**3+2745.* 
     #j**2-8460.*k**2-4105.*j+10575.*k**4+84.*j**4-9075.*j*k**4-2640.* 
     #j**4*k**6+11730.*j*k**2+3240.*j**4*k**4+8130.*j*k**10-496.*j**3* 
     #k**10+1300.*k**10*j**2+440.*k**8*j**4+1100.*k**6*j-9700.*k**2*j**2 
     #-4575.*j*k**8+4075.*k**8*j**2+5504.*j**3*k**2-5815.*k**4*j**3-84.* 
     #j**4*k**10-1440.*j**5*k**4+14585.*k**4*j**2+3425.*j**3*k**8)/k**8/ 
     #(1.+k**4-j+j*k**4-2.*k**2) 
      s15 = s16*s17 
      s13 = s14+s15 
      s14 = s13 
      s17 = 1./k**6/(j+j*k**2+k**2-1.)/5898240. 
      s18 = (2115.-11920.*k**6*j**2-1085.*k**12*j**2+131.*k**12*j**3- 
 #1440.*j**5*k**6-2115.*k**12+76.*k**12*j**4-3205.*k**12*j-10575.* 
     #k**8-1960.*j**3*k**6+8460.*k**10-1116.*j**4*k**2-789.*j**3+2745. 
     #*j**2-8460.*k**2-4105.*j+10575.*k**4+84.*j**4-9075.*j*k**4-2640.* 
     #j**4*k**6+11730.*j*k**2+3240.*j**4*k**4+8130.*j*k**10-496.*j**3* 
     #k**10+1300.*k**10*j**2+440.*k**8*j**4+1100.*k**6*j-9700.*k**2* 
     #j**2-4575.*j*k**8+4075.*k**8*j**2+5504.*j**3*k**2-5815.*k**4*j**3 
     #-84.*j**4*k**10-1440.*j**5*k**4+14585.*k**4*j**2+3425.*j**3*k**8) 
     #/j**3/(1.+k**4-j+j*k**4-2.*k**2) 
      s16 = s17*s18 
      s18 = 1./k**6/j**2/5898240. 
      s19 = 1./(j+j*k**2+k**2-1.)*(2115.-11920.*k**6*j**2-1085.*k**12* 
     #j**2+131.*k**12*j**3-1440.*j**5*k**6-2115.*k**12+76.*k**12*j**4- 
     #3205.*k**12*j-10575.*k**8-1960.*j**3*k**6+8460.*k**10-1116.*j**4* 
     #k**2-789.*j**3+2745.*j**2-8460.*k**2-4105.*j+10575.*k**4+84.*j**4 
     #-9075.*j*k**4-2640.*j**4*k**6+11730.*j*k**2+3240.*j**4*k**4+8130. 
     #*j*k**10-496.*j**3*k**10+1300.*k**10*j**2+440.*k**8*j**4+1100.* 
     #k**6*j-9700.*k**2*j**2-4575.*j*k**8+4075.*k**8*j**2+5504.*j**3* 
     #k**2-5815.*k**4*j**3-84.*j**4*k**10-1440.*j**5*k**4+14585.*k**4* 
     #j**2+3425.*j**3*k**8)/(1.+k**4-j+j*k**4-2.*k**2) 
      s17 = s18*s19 
      s15 = s16+s17 
      s11 = s14+s15 
      s10 = s11-11.D0/73728.D0/k**6/(j+j*k**2+k**2-1.)+5.D0/16384.D0/ 
     #k**2/j**3/(j+j*k**2+k**2-1.)*i**2-1./r**2/k**6/j/(j+j*k**2+k**2-1. 
     #)*i/3072.+11.D0/18432.D0/r**2/k**4/j/(j+j*k**2+k**2-1.)*i+15.D0/ 
     #32768.D0/j**3/(j+j*k**2+k**2-1.)+85.D0/73728.D0/k**6/j/(j+j*k**2+ 
     #k**2-1.)*i 
      s11 = s10+211.D0/294912.D0/j**2/(j+j*k**2+k**2-1.)+5.D0/16384.D0/ 
     #k**4/j**3/(j+j*k**2+k**2-1.)*i**2-5.D0/24576.D0/(j+j*k**2+k**2-1.) 
     #*r**4+1./(j+j*k**2+k**2-1.)*i/18432.+7.D0/147456.D0/k**2/j/(j+j* 
     #k**2+k**2-1.)*i*r**6 
      s12 = s11-k**2/(j+j*k**2+k**2-1.)/36864.-1./(j+j*k**2+k**2-1.)* 
     #r**8/163840.+15.D0/16384.D0/r**2/k**4/j**3/(j+j*k**2+k**2-1.)*i 
      s13 = s12+1./r**2/k**8/j/(j+j*k**2+k**2-1.)*i/36864. 
      s14 = s13-5.D0/49152.D0/k**4*j/(j+j*k**2+k**2-1.)*r**4 
      s9 = s14+47.D0/131072.D0*k**2/j**2/(j+j*k**2+k**2-1.)*r**2-1./r**2 
 #*(-1215.+5105.*k**6*j**2+1440.*j**5*k**6-6075.*k**8+7135.*j**3* 
     #k**6+1215.*k**10+1116.*j**4*k**2+789.*j**3-2585.*j**2+6075.*k**2+ 
     #3345.*j-12150.*k**4-84.*j**4+12150.*k**6+3090.*j*k**4+2640.*j**4* 
     #k**6-9135.*j*k**2-1920.*j**4*k**4+4245.*j*k**10+949.*j**3*k**10+ 
     #3345.*k**10*j**2-1836.*k**8*j**4+12090.*k**6*j+5250.*k**2*j**2- 
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     #13635.*j*k**8-7530.*k**8*j**2-4244.*j**3*k**2+1695.*k**4*j**3+84.* 
     #j**4*k**10+1440.*j**5*k**4-3585.*k**4*j**2-6324.*j**3*k**8)/j**3/ 
     #k**8/(1.+k**4-j+j*k**4-2.*k**2)/5898240. 
      s12 = 1./k**6/j/(j+j*k**2+k**2-1.)*i**2/8192.+3.D0/1024.D0/k**4/ 
     #j**3/(j+j*k**2+k**2-1.)*i*r**2+1./(j+j*k**2+k**2-1.)/36864. 
      s13 = s12+1./j/(j+j*k**2+k**2-1.)*i**2/8192. 
      s14 = s13 
      s16 = 19.D0/73728.D0/r**2/k**6/j**2/(j+j*k**2+k**2-1.)*i 
      s18 = -1./(j+j*k**2+k**2-1.)*(2115.-11920.*k**6*j**2-1085.*k**12* 
     #j**2+131.*k**12*j**3-1440.*j**5*k**6-2115.*k**12+76.*k**12*j**4- 
     #3205.*k**12*j-10575.*k**8-1960.*j**3*k**6+8460.*k**10-1116.*j**4* 
     #k**2-789.*j**3+2745.*j**2-8460.*k**2-4105.*j+10575.*k**4+84.*j**4- 
     #9075.*j*k**4-2640.*j**4*k**6+11730.*j*k**2+3240.*j**4*k**4+8130.* 
     #j*k**10-496.*j**3*k**10+1300.*k**10*j**2+440.*k**8*j**4+1100.*k**6 
     #*j-9700.*k**2*j**2-4575.*j*k**8+4075.*k**8*j**2+5504.*j**3*k**2- 
     #5815.*k**4*j**3-84.*j**4*k**10-1440.*j**5*k**4+14585.*k**4*j**2+ 
     #3425.*j**3*k**8)/5898240. 
      s19 = 1./j**3/k**8/(1.+k**4-j+j*k**4-2.*k**2) 
      s17 = s18*s19 
      s15 = s16+s17 
      s11 = s14+s15 
      s10 = s11+7.D0/147456.D0*k**2/j/(j+j*k**2+k**2-1.)*i*r**6+k**2/j/ 
 #(j+j*k**2+k**2-1.)*i*r**2/49152.-3.D0/4096.D0/k**6/j**3/(j+j*k**2 
     #+k**2-1.)*i*r**2-21.D0/32768.D0*k**2/j**2/(j+j*k**2+k**2-1.)*i* 
     #r**2+5.D0/49152.D0*k**2*j/(j+j*k**2+k**2-1.)*r**4+37.D0/65536.D0/ 
     #k**2/j/(j+j*k**2+k**2-1.)*r**4+67.D0/294912.D0*k**2/j**2/(j+j*k**2 
     #+k**2-1.)*r**4 
      s11 = s10-1./k**4/j/(j+j*k**2+k**2-1.)*r**4/589824.-407.D0/ 
 #589824.D0/k**6/j/(j+j*k**2+k**2-1.)*r**2+19.D0/49152.D0/k**6/j/ 
     #(j+j*k**2+k**2-1.)*i*r**2-19.D0/147456.D0/r**2/k**8/j**2/(j+j* 
     #k**2+k**2-1.)*i+19.D0/147456.D0/r**2/k**8/j**2/(j+j*k**2+k**2-1.)+ 
     #3.D0/8192.D0/k**2*j/(j+j*k**2+k**2-1.)*r**2 
      s8 = s11-67.D0/294912.D0/k**4/j**2/(j+j*k**2+k**2-1.)*r**4-7.D0/ 
 #147456.D0*k**2*j/(j+j*k**2+k**2-1.)*r**6-15.D0/32768.D0/k**6/j**3/ 
     #(j+j*k**2+k**2-1.)*i**2+85.D0/73728.D0/k**4/j**2/(j+j*k**2+k**2- 
     #1.)*i**2+11.D0/36864.D0/k**2/j/(j+j*k**2+k**2-1.)*i-19.D0/73728.D0 
     #/r**2/k**6/j**2/(j+j*k**2+k**2-1.)+s9 
      s10 = -11.D0/73728.D0/k**2/j/(j+j*k**2+k**2-1.)*i**2+15.D0/8192.D0 
 #/k**2/j**2/(j+j*k**2+k**2-1.)*r**2+5.D0/24576.D0*r**4/j**2/k**4* 
     #i**2+r**4/j**2/k**4*i/12288.-1./r**2/k**2/(j+j*k**2+k**2-1.)*i/ 
     #8192.-3.D0/16384.D0*r**2/j**3/k**6*i**2+9.D0/16384.D0*r**2/j**3/ 
     #k**4*i**2+3.D0/8192.D0*r**2/j**3/k**4*i-7.D0/8192.D0/k**6/j**2/ 
     #(j+j*k**2+k**2-1.)*i+27.D0/16384.D0/j**2/(j+j*k**2+k**2-1.)*i*r**2 
     #+215.D0/147456.D0/j/(j+j*k**2+k**2-1.)*i*r**4-r**2/j**3/k**6*i/ 
     #8192. 
      s11 = s10+5.D0/32768.D0/r**2/j**3/(j+j*k**2+k**2-1.)*i-5.D0/ 
 #49152.D0/k**2*j/(j+j*k**2+k**2-1.)*r**4-11.D0/24576.D0/k**4/ 
     #(j+j*k**2+k**2-1.)*i*r**2-5.D0/16384.D0*k**2/j**2/(j+j*k**2+ 
     #k**2-1.)*i+k**2/j/(j+j*k**2+k**2-1.)*i**2/36864.-19.D0/73728.D0* 
     #k**2/j/(j+j*k**2+k**2-1.)*i 
      s9 = s11+19.D0/147456.D0*k**2/j**2/(j+j*k**2+k**2-1.)*i**2-37.D0/ 
 #18432.D0/k**4/j/(j+j*k**2+k**2-1.)*i+35.D0/36864.D0/k**4/j/ 
     #(j+j*k**2+k**2-1.)*r**2-5.D0/12288.D0*r**4/j**2/k**2*i**2-r**4/ 
     #j**2/k**2*i/6144.-19.D0/147456.D0/k**8/j**2/(j+j*k**2+k**2-1.)* 
     #i**2+33.D0/131072.D0/k**6/j**2/(j+j*k**2+k**2-1.)*r**2 
      s11 = -1./k**2*j/(j+j*k**2+k**2-1.)*i/4096.-1./k**6/(j+j*k**2+k**2 
 #-1.)*i*r**2/12288.-7.D0/73728.D0/j/(j+j*k**2+k**2-1.)*i*r**6+5.D0/ 
     #32768.D0/k**8/j**3/(j+j*k**2+k**2-1.)*i**2+5.D0/32768.D0*k**2/j**3 
     #/(j+j*k**2+k**2-1.)*i**2+1./r**2/j/(j+j*k**2+k**2-1.)*i/36864. 
      s10 = s11+1./r**2/k**6/(j+j*k**2+k**2-1.)*i/8192.+5.D0/8192.D0/ 
     #r**2/k**2/j**3/(j+j*k**2+k**2-1.)-9.D0/16384.D0*r**2/j**3/k**2* 
     #i**2-3.D0/8192.D0*r**2/j**3/k**2*i+19.D0/147456.D0/r**2/j**2/(j+ 
     #j*k**2+k**2-1.)*i+147.D0/65536.D0/k**2/j**3/(j+j*k**2+k**2-1.)* 
     #r**2+1./r**2/k**2/j/(j+j*k**2+k**2-1.)/3072. 
      s11 = s10+95.D0/49152.D0/j**2/(j+j*k**2+k**2-1.)*i*r**4+31.D0/ 
 #24576.D0/j/(j+j*k**2+k**2-1.)*i*r**2-11.D0/73728.D0/k**2/(j+j*k**2 
     #+k**2-1.)+35.D0/147456.D0/k**2/j/(j+j*k**2+k**2-1.)*i*r**4-95.D0/ 
     #147456.D0*k**2/j**2/(j+j*k**2+k**2-1.)*i*r**4+11.D0/24576.D0/ 
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     #(j+j*k**2+k**2-1.)*i*r**2 
      s7 = s11+55.D0/147456.D0/k**4/(j+j*k**2+k**2-1.)*r**4-5.D0/ 
 #32768.D0*k**2/j**3/(j+j*k**2+k**2-1.)-49.D0/32768.D0/j**3/ 
     #(j+j*k**2+k**2-1.)*r**2-5.D0/16384.D0/k**4/j**3/(j+j*k**2+ 
     #k**2-1.)-5.D0/32768.D0/r**2/j**3/(j+j*k**2+k**2-1.)+s9+s8 
      s10 = -67.D0/98304.D0/j**2/(j+j*k**2+k**2-1.)*r**4-11.D0/36864.D0 
 #/k**6/(j+j*k**2+k**2-1.)*i-221.D0/196608.D0/j/(j+j*k**2+k**2-1.)* 
     #r**4-1./r**2/k**6/(j+j*k**2+k**2-1.)/8192.+1./r**2/k**2/(j+j*k**2+ 
     #k**2-1.)/8192.+67.D0/147456.D0/k**6/j/(j+j*k**2+k**2-1.)-15.D0/ 
     #32768.D0/j**3/(j+j*k**2+k**2-1.)*i**2-j/(j+j*k**2+k**2-1.)*r**2/ 
     #12288.+r**4/j**2*i/12288.-k**2/(j+j*k**2+k**2-1.)*i/18432+5.D0/ 
     #24576.D0*r**4/j**2*i**2-87.D0/65536.D0/j**2/(j+j*k**2+k**2-1.)* 
     #r**2 
      s11 = s10-109.D0/294912.D0*k**2/(j+j*k**2+k**2-1.)*r**2-173.D0/ 
 #294912.D0/k**2/j**2/(j+j*k**2+k**2-1.)+k**2/(j+j*k**2+k**2-1.)* 
     #r**8/163840.-5.D0/16384.D0/k**2/j**3/(j+j*k**2+k**2-1.)-1./k**2*j 
     #/(j+j*k**2+k**2-1.)/8192.+j/(j+j*k**2+k**2-1.)*r**8/163840. 
      s9 = s11+41.D0/589824.D0/j/(j+j*k**2+k**2-1.)*r**6+11.D0/36864.D0 
 #/k**2/j/(j+j*k**2+k**2-1.)-1./r**2/j/(j+j*k**2+k**2-1.)/36864.+ 
     #83.D0/294912.D0/k**4/j**2/(j+j*k**2+k**2-1.)-83.D0/147456.D0/k**2 
     #/(j+j*k**2+k**2-1.)*r**4-19.D0/73728.D0/k**6/j**2/(j+j*k**2+k**2- 
     #1.)-19.D0/147456.D0/r**2/j**2/(j+j*k**2+k**2-1.) 
      s11 = -1./k**8/j/(j+j*k**2+k**2-1.)/36864.+41.D0/147456.D0/j/(j+ 
     #j*k**2+k**2-1.)*r**2+19.D0/147456.D0/k**8/j**2/(j+j*k**2+k**2-1.)+ 
     #9.D0/8192.D0/k**2/(j+j*k**2+k**2-1.)*r**2+5.D0/6144.D0/j/(j+j*k**2 
     #+k**2-1.)*i-7.D0/8192.D0/k**4/j/(j+j*k**2+k**2-1.) 
      s10 = s11-275.D0/294912.D0/k**4/(j+j*k**2+k**2-1.)*r**2-5.D0/ 
 #32768.D0/k**8/j**3/(j+j*k**2+k**2-1.)+29.D0/16384.D0/j**2/(j+ 
     #j*k**2+k**2-1.)*i+11.D0/18432.D0/k**4/(j+j*k**2+k**2-1.)*i+r**2/ 
     #j**3*i/8192.-83.D0/294912.D0*k**2/j**2/(j+j*k**2+k**2-1.)-23.D0/ 
     #147456.D0*k**2/j/(j+j*k**2+k**2-1.) 
      s11 = s10+29.D0/73728.D0*k**2/(j+j*k**2+k**2-1.)*r**4+15.D0/ 
 #32768.D0/k**6/j**3/(j+j*k**2+k**2-1.)+25.D0/147456.D0/j**2/(j+j* 
     #k**2+k**2-1.)*i**2+41.D0/1179648.D0/k**2/(j+j*k**2+k**2-1.)*r**6+ 
     #5.D0/49152.D0*j/(j+j*k**2+k**2-1.)*r**4-7.D0/147456.D0*j/(j+j* 
     #k**2+k**2-1.)*r**6 
      s8 = s11-1./k**4*j/(j+j*k**2+k**2-1.)/8192.-11.D0/36864.D0/k**2/ 
 #(j+j*k**2+k**2-1.)*i+49.D0/294912.D0/k**6/(j+j*k**2+k**2-1.)*r**2+ 
     #3.D0/16384.D0*r**2/j**3*i**2-97.D0/1179648.D0*k**2/(j+j*k**2+k**2 
     #-1.)*r**6+67.D0/98304.D0/k**2/j**2/(j+j*k**2+k**2-1.)*r**4+s9 
      s11 = -9.D0/2048.D0/k**2/j**3/(j+j*k**2+k**2-1.)*i*r**2-19.D0/ 
 #73728.D0/r**2/k**2/j**2/(j+j*k**2+k**2-1.)*i-7.D0/147456.D0/k**2/ 
     #(j+j*k**2+k**2-1.)*i*r**6+19.D0/73728.D0/r**2/k**2/j**2/(j+j*k**2+ 
     #k**2-1.)-1./r**2/k**8/j/(j+j*k**2+k**2-1.)/36864.-57.D0/16384.D0/ 
     #k**2/j**2/(j+j*k**2+k**2-1.)*i 
      s10 = s11-25.D0/147456.D0/k**6/j**2/(j+j*k**2+k**2-1.)*i**2-85.D0/ 
 #73728.D0/k**2/j**2/(j+j*k**2+k**2-1.)*i**2-1./k**4*j/(j+j*k**2 
     #+k**2-1.)*i/4096.-11.D0/73728.D0/k**4/j/(j+j*k**2+k**2-1.)*i**2+ 
     #49.D0/131072.D0*k**2/j**3/(j+j*k**2+k**2-1.)*r**2-49.D0/32768.D0/ 
     #k**4/j**3/(j+j*k**2+k**2-1.)*r**2 
      s11 = s10+5.D0/12288.D0/k**2/(j+j*k**2+k**2-1.)*i*r**4+7.D0/ 
 #147456.D0*k**2/(j+j*k**2+k**2-1.)*i*r**6-5.D0/32768.D0/r**2/k**8/ 
     #j**3/(j+j*k**2+k**2-1.)-3.D0/16384.D0/k**2/j/(j+j*k**2+k**2-1.) 
     #*r**2-73.D0/65536.D0/k**4/j**2/(j+j*k**2+k**2-1.)*r**2+1./r**2/ 
     #k**6/j/(j+j*k**2+k**2-1.)/3072. 
      s9 = s11-11.D0/18432.D0/r**2/k**4/j/(j+j*k**2+k**2-1.)+5.D0/ 
 #8192.D0/r**2/k**6/j**3/(j+j*k**2+k**2-1.)-15.D0/16384.D0/r**2/k**4 
     #/j**3/(j+j*k**2+k**2-1.)-5.D0/12288.D0*k**2/(j+j*k**2+k**2-1.)*i* 
     #r**4+k**2/(j+j*k**2+k**2-1.)*i*r**2/12288.-41.D0/1179648.D0*k**2/j 
     #/(j+j*k**2+k**2-1.)*r**6+k**2*j/(j+j*k**2+k**2-1.)*r**8/163840. 
      s11 = -209.D0/589824.D0*k**2/j/(j+j*k**2+k**2-1.)*r**2+49.D0/ 
 #131072.D0/k**6/j**3/(j+j*k**2+k**2-1.)*r**2-41.D0/1179648.D0/k**2/ 
     #j/(j+j*k**2+k**2-1.)*r**6+331.D0/589824.D0*k**2/j/(j+j*k**2+k**2- 
     #1.)*r**4-k**2*j/(j+j*k**2+k**2-1.)*r**2/12288.+47.D0/16384.D0/k**4 
     #/j**2/(j+j*k**2+k**2-1.)*i 
      s10 = s11-5.D0/8192.D0/r**2/k**2/j**3/(j+j*k**2+k**2-1.)*i-1./r**2 
 #/k**2/j/(j+j*k**2+k**2-1.)*i/3072.-9.D0/8192.D0/k**2/j**2/(j+j* 
     #k**2+k**2-1.)*i*r**2-3.D0/16384.D0/k**4/j**2/(j+j*k**2+k**2-1.)*i* 
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     #r**2+5.D0/32768.D0/r**2/k**8/j**3/(j+j*k**2+k**2-1.)*i-9.D0/ 
     #4096.D0/k**2/j/(j+j*k**2+k**2-1.)*i*r**2-5.D0/8192.D0/r**2/k**6/ 
     #j**3/(j+j*k**2+k**2-1.)*i 
      s11 = s10+95.D0/147456.D0/k**4/j**2/(j+j*k**2+k**2-1.)*i*r**4- 
 #95.D0/147456.D0/k**4/j/(j+j*k**2+k**2-1.)*i*r**4+1./k**8/j/(j+j* 
     #k**2+k**2-1.)*i**2/36864.+13.D0/24576.D0/k**4/j/(j+j*k**2+k**2-1.) 
     #*i*r**2+9.D0/32768.D0/k**6/j**2/(j+j*k**2+k**2-1.)*i*r**2+3.D0/ 
     #1024.D0/j**3/(j+j*k**2+k**2-1.)*i*r**2 
      s6 = s11-95.D0/49152.D0/k**2/j**2/(j+j*k**2+k**2-1.)*i*r**4-3.D0/ 
 #4096.D0*k**2/j**3/(j+j*k**2+k**2-1.)*i*r**2-155.D0/147456.D0*k**2/ 
     #j/(j+j*k**2+k**2-1.)*i*r**4+7.D0/24576.D0/j/(j+j*k**2+k**2-1.)+ 
     #11.D0/36864.D0/k**4/(j+j*k**2+k**2-1.)+s9+s7+s8 
      s4 = s5*s6 
      s2 = s3*s4 
      stress_ax = s1+s2*cos(th) 
 if(th.eq..0d0) then 
 write(18,*) r,w1 
 write(20,*) r,w2 
 write(21,*) r,stress_ax 
 else 
 endif 
 if(iter.eq.1) then 
 write(22,*) th, stress_ax 
 else 
 endif 
 if(iter.eq.200) then 
 write(23,*) th, stress_ax 
 else 
 endif 
 if(iter_th.eq.32) then 
 write(19,*) r,f 
 else 
 endif 
 iter=iter+1 
   enddo 
   enddo 
 close (16) 
 close (17) 
 close (18) 
 close (19) 
 close (20) 
 close (21) 
 close (22) 
 close (23) 
 stop 
      end 

2.  W, 
 f. 

      program w1 
      implicit none 
      double precision k,r,w1,w2,th ,pi,f,w,d,s2,s3,s4,s5,s6,s7,s8,s9,& 
   s10,s11,s12,s13,s14,p1,p2,p3,p4,j,i,h,s1 
      open(16,file='w_k=10.dat',access='sequential',status='new') 
      open(17,file='f_k=10.dat',access='sequential',status='new') 
      write(*,*) 'GIVE THE VALUE OF k' 
      read(*,*) k 
      write(*,*) 'GIVE THE VALUE OF d' 
      read(*,*) d 
       pi=acos(-1.d0) 
 do th=.0d0 ,2.d0*pi,  2.d0*pi/128.d0 
   do r=1.d0/k,1.d0,0.005d0 
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   h=log(k) 
   i=log(r) 
   j=log(1.d0/k) 

    p2=5.d0/1024.d0/k**2/j*r**3-17.d0/4096.d0/k**4/j**2*r**3-1.d0/ 
  *k**2/j*r**5/2304.+17.d0/2048.d0/k**2/j**2*r**3-r**5/j*i/ 
  *1536.-1/j**2*r**3*i**2/512.-r*(-45.+8.*k**8*j**2+88.*j*k**2- 
  *252.*j*k**4+88.*j*k**6+90.*k**2+38.*j*k**8+38.*j-8.*j**2+45.*k**8 
  *-90.*k**6-44.*k**2*j**2+44.*k**6*j**2)/k**6/j**2/(k**2+j*k**2-1.+ 
  *j)*i/18432.+1./j*r**3*i/256.+5.d0/1024.d0*r**3/j**2* 
  *i-r**3/k**4/j**2*i**2/512.-5.d0/512.d0*r**3/k**2/j**2* 
  *i+1./k**2/j**2*r**3*i**2/256. 

   p3=p2-1./k**2/j*r**3*i/256.+r**5/k**2/j*i/1536.+5.d0/ 
  *1024.d0*r**3/k**4/j**2*i-r**3/k**4*(36.+108.*k**4+63.*j*k**2 
  *+63.*j*k**4-63.*j*k**6-108.*k**2-63.*j-24.*k**4*j**2+44.*j**2+12. 
  **k**4*j**3-12.*j**3-36.*k**6-12.*j**3*k**2-20.*k**6*j**2+12.*j**3 
  **k**6)/j**2/(k**2+j*k**2-1.+j)/12288.+1./j*r**5/2304. 

   p4=p3-17.d0/4096.d0/j**2*r**3+r*(-45.+8.*k**8*j**2+88.*j*k**2- 
  *252.*j*k**4+88.*j*k**6+90.*k**2+38.*j*k**8+38.*j-8*j**2+45.*k**8 
  *-90.*k**6-44.*k**2*j**2+44.*k**6*j**2)/k**6/j**2/(k**2+j*k**2-1.+ 
     *j)/36864.-1./r*(-36.*j**3*k**2-38.*j*k**2+8.*k**6*j**2-45.+38.*j* 
  *k**6+45.*k**6-38.*j*k**4-36.*k**4*j**3-88.*k**4*j**2-135.*k**4+ 
  *88.*k**2*j**2+135.*k**2+38.*j-8.*j**2)/k**6/j**2/(k**2+j*k**2 
     *-1.+j)/36864. 

   p1=p4-5.d0/1024.d0/j*r**3-r**7/9216.+r**5/1536.+r*(8.*k**6*j**2 
  *+38.*j*k**6+45.*k**6+8.*k**4*j**2-44.*j*k**4-171.*k**4-36.*k**2* 
  *j**2-126.*j*k**2+207.*k**2-36.*j**2+132.*j-81.)/j/k**4/(k**2+j* 
  *k**2-1.+j)/18432. 

   p2=sin(th) 
        f=d**2*p1*p2 
    
   w1=-(r**2/4.)+(k**2-1.)/(4.*k**2*h)*i+1./4. 

   s4 = r*k**2/(k**2+j*k**2-1.+j)/36864.+7.d0/73728.d0*k**2/(k**2+j* 
  *k**2-1.+j)*r**5-15.d0/32768.d0*r/j**3/(k**2+j*k**2-1.+j)-7.d0/ 
  *32768.d0/j**2/(k**2+j*k**2-1.+j)*r**5-11.d0/294912.d0/(k**2+j* 
  *k**2-1.+j)*r**3-41.d0/65536.d0/j**2/(k**2+j*k**2-1.+j)*r**3+r/ 
  *(k**2+j*k**2-1.+j)*i/18432.+19.d0/294912.d0/k**6/(k**2+j* 
  *k**2-1.+j)*r**3+1./k**2*j/(k**2+j*k**2-1.+j)*r**3/8192.-1./k**2*j 
  */(k**2+j*k**2-1.+j)*r**5/49152.+5.d0/196608.d0/k**4/j/(k**2+j* 
  *k**2-1.+j)*r**5 

   s3 = s4+11.d0/73728.d0*r/k**6/(k**2+j*k**2-1.+j)-19.d0/147456.d0/ 
  *k**2/(k**2+j*k**2-1.+j)*r**5-11.d0/36864.d0*r/k**4/(k**2+j*k**2-1. 
  *+j)+11.d0/147456.d0/k**4/(k**2+j*k**2-1.+j)*r**5+r**3/j**3* 
  *i**2/16384.+11.d0/73728.d0/(k**2+j*k**2-1.+j)*i*r**3+ 
  *7.d0/1179648.d0/k**2/(k**2+j*k**2-1.+j)*r**7-j/(k**2+j*k**2-1.+j)* 
  *r**7/147456.-7.d0/147456.d0/j/(k**2+j*k**2-1.+j)*r**3+r**5/j**2* 
  *i**2/24576.+3.d0/8192.d0/k**2/(k**2+j*k**2-1.+j)*r**3 

   s5 = s3-13.d0/98304.d0*k**2/(k**2+j*k**2-1.+j)*r**3+11.d0/73728.d0 
  **r/k**2/(k**2+j*k**2-1.+j)+1./r/k**2/j/(k**2+j*k**2-1.+j)*i/ 
  *3072.-r/k**2*j/(k**2+j*k**2-1.+j)*i/4096.-11.d0/73728.d0*r/ 
  *k**2/j/(k**2+j*k**2-1.+j)*i**2 

   s4 = s5-167.d0/589824.d0/j/(k**2+j*k**2-1.+j)*r**5-211.d0/ 
  *294912.d0*r/j**2/(k**2+j*k**2-1.+j)+7.d0/589824.d0/j/(k**2+j*k**2- 
  *1.+j)*r**7-5.d0/393216.d0*k**2/(k**2+j*k**2-1.+j)*r**7+j/(k**2+j* 
  *k**2-1.+j)*r**5/49152.+j/(k**2+j*k**2-1.+j)*r**9/1474560. 

   s5 = s4-77.d0/294912.d0/k**4/(k**2+j*k**2-1.+j)*r**3-7.d0/24576.d0 
  **r/j/(k**2+j*k**2-1.+j)+k**2/(k**2+j*k**2-1.+j)*r**9/1474560.- 
  *27.d0/32768.d0/j**3/(k**2+j*k**2-1.+j)*r**3-j/(k**2+j*k**2-1.+j)* 
  *r**3/36864. 
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   s2 = s5+13.d0/73728.d0/k**4/j/(k**2+j*k**2-1+j)*i*r**3-3.d0/ 
  *8192.d0/k**2/j**2/(k**2+j*k**2-1.+j)*i*r**3+r/k**2*j/(k**2+j 
  **k**2-1.+j)/8192.+23.d0/147456.d0*r*k**2/j/(k**2+j*k**2-1.+j)+ 
  *7.d0/8192.d0*r/k**4/j/(k**2+j*k**2-1.+j)-19.d0/147456.d0*r/k**8/ 
  *j**2/(k**2+j*k**2-1.+j)+r/k**6/j/(k**2+j*k**2-1.+j)*i**2/ 
  *8192. 

   s5 = -15.d0/32768.d0*r/j**3/(k**2+j*k**2-1.+j)*i**2+r*k**2/ 
  *j/(k**2+j*k**2-1.+j)*i**2/36864.-r/k**4*j/(k**2+j*k**2-1.+j) 
  **i/4096.-5.d0/32768.d0/r/k**8/j**3/(k**2+j*k**2-1.+j)*i 
  *-23.d0/73728.d0*r*k**2/j/(k**2+j*k**2-1.+j)*i 

   s4 = s5-11.d0/73728.d0/k**4/(k**2+j*k**2-1.+j)*i*r**3-3.d0/ 
  *16384.d0*r**3/k**2/j**3*i**2+5.d0/16384.d0*r/k**4/j**3/(k**2 
  *+j*k**2-1.+j)+61.d0/589824.d0/k**2/j/(k**2+j*k**2-1.+j)*r**5-5.d0 
  */32768.d0/r/j**3/(k**2+j*k**2-1.+j)*i+19.d0/73728.d0*r/k**6/ 
  *j**2/(k**2+j*k**2-1.+j) 

   s5 = s4+5.d0/32768.d0*r*k**2/j**3/(k**2+j*k**2-1.+j)+91.d0/ 
  *589824.d0*k**2/j/(k**2+j*k**2-1.+j)*r**5-1./r/k**8/j/(k**2+j*k**2 
  *-1.+j)*i/36864.+19.d0/73728.d0/r/k**2/j**2/(k**2+j*k**2-1.+j) 
  **i+1./r/k**6/j/(k**2+j*k**2-1.+j)*i/3072. 

   s3 = s5-15.d0/32768.d0*r/k**6/j**3/(k**2+j*k**2-1.+j)*i**2- 
  *11.d0/18432.d0/r/k**4/j/(k**2+j*k**2-1.+j)*i-85.d0/73728.d0* 
  *r/k**2/j**2/(k**2+j*k**2-1.+j)*i**2+5.d0/8192.d0/r/k**6/j**3 
  */(k**2+j*k**2-1.+j)*i+15.d0/16384.d0*r/k**6/j**3/(k**2+j*k**2 
  *-1.+j)*i-19.d0/147456.d0*r/k**8/j**2/(k**2+j*k**2-1.+j)* 
  *i**2-r/k**8/j/(k**2+j*k**2-1.+j)*i/18432. 

   s5 = -19.d0/147456.d0/k**4/j/(k**2+j*k**2-1.+j)*i*r**5+5.d0/ 
  *16384.d0*r/k**2/j**3/(k**2+j*k**2-1.+j)*i**2+s2+s3-25.d0/ 
  *147456.d0*r/k**6/j**2/(k**2+j*k**2-1.+j)*i**2+85.d0/73728.d0 
  **r/k**4/j**2/(k**2+j*k**2-1.+j)*i**2 

   s6 = s5-173.d0/147456.d0*r/k**2/j**2/(k**2+j*k**2-1.+j)*i+ 
  *5.d0/32768.d0*r*k**2/j**3/(k**2+j*k**2-1.+j)*i**2 

   s8 = s6 

   s10 = r/j**2/5898240. 

   s11 = 1./(k**2+j*k**2-1.+j)*(2115.+76.*k**12*j**4-11920.*k**6*j**2 
  *-1440.*j**5*k**4+8130.*j*k**10-496.*j**3*k**10+1300.*k**10*j**2- 
  *84.*j**4*k**10-1440.*j**5*k**6+440.*k**8*j**4-1116.*j**4*k**2- 
  *10575.*k**8+10575.*k**4-9075.*j*k**4+14585.*k**4*j**2-2115.*k**12 
  *+2745.*j**2-8460.*k**2-1960.*j**3*k**6-2640.*j**4*k**6+84.*j**4- 
  *1085.*k**12*j**2-3205.*k**12*j+131.*k**12*j**3+3240.*j**4*k**4- 
  *4105.*j+8460.*k**10+3425.*j**3*k**8+4075.*k**8*j**2-789.*j**3- 
  *4575.*j*k**8+5504.*j**3*k**2+1100.*j*k**6-5815.*k**4*j**3-9700.* 
  *k**2*j**2+11730.*j*k**2)/k**8/(k**4+1.-2.*k**2-j+j*k**4) 

   s9 = s10*s11 

   s7 = s8+s9 

   s9 = s7 

   s11 = r/k**6/5898240. 

   s13 = 1./(k**2+j*k**2-1.+j)*(2115.+76.*k**12*j**4-11920.*k**6*j**2 
  *-1440.*j**5*k**4+8130.*j*k**10-496.*j**3*k**10+1300.*k**10*j**2- 
  *84.*j**4*k**10-1440.*j**5*k**6+440.*k**8*j**4-1116.*j**4*k**2- 
  *10575.*k**8+10575.*k**4-9075.*j*k**4+14585.*k**4*j**2-2115.*k**12 
  *+2745.*j**2-8460.*k**2-1960.*j**3*k**6-2640.*j**4*k**6+84.*j**4- 
  *1085.*k**12*j**2-3205.*k**12*j+131.*k**12*j**3+3240.*j**4*k**4- 
  *4105.*j+8460.*k**10+3425.*j**3*k**8+4075.*k**8*j**2-789.*j**3- 
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  *4575.*j*k**8+5504.*j**3*k**2+1100.*j*k**6-5815.*k**4*j**3-9700.* 
  *k**2*j**2+11730.*j*k**2) 

   s14 = 1./j**3/(k**4+1.-2.*k**2-j+j*k**4) 

   s12 = s13*s14 

   s10 = s11*s12 

   s8 = s9+s10 

   s4 = s8+r/k**8/j/(k**2+j*k**2-1.+j)*i**2/36864.+5.d0/ 
  *32768.d0*r/k**8/j**3/(k**2+j*k**2-1.+j)*i**2 

   s5 = s4+k**2/j/(k**2+j*k**2-1.+j)*i*r**3/147456.-11.d0/ 
  *36864.d0*r/k**2/j/(k**2+j*k**2-1.+j)+31.d0/73728.d0/j/(k**2+j*k**2 
  *-1.+j)*i*r**3+83.d0/294912.d0*r*k**2/j**2/(k**2+j*k**2-1.+j)+ 
  *r/k**4*j/(k**2+j*k**2-1.+j)/8192.-67.d0/147456.d0*r/k**6/j/(k**2+j 
  **k**2-1.+j) 
      s1 = s5-k**2/(k**2+j*k**2-1.+j)*i*r**5/12288.-1./k**6/(k**2+ 
  *j*k**2-1.+j)*i*r**3/36864.-1./j/(k**2+j*k**2-1.+j)*i* 
  *r**7/73728.+3.d0/16384.d0/k**2/j/(k**2+j*k**2-1.+j)*r**3+19.d0/ 
  *49152.d0/j**2/(k**2+j*k**2-1.+j)*i*r**5+43.d0/147456.d0/j/ 
  *(k**2+j*k**2-1.+j)*i*r**5-1./k**4/j**2/(k**2+j*k**2-1.+j)* 
  *i*r**3/16384. 
   s4 = s1+9.d0/16384.d0/j**2/(k**2+j*k**2-1.+j)*i*r**3-19.d0/ 
  *147456.d0*k**2/j**2/(k**2+j*k**2-1.+j)*i*r**5+1./k**2/(k**2 
  *+j*k**2-1.+j)*i*r**5/12288.+15.d0/16384.d0*r/j**3/(k**2+j* 
  *k**2-1.+j)*i-1./k**2/(k**2+j*k**2-1.+j)*i*r**7/147456. 
  *+7.d0/147456.d0/k**2/j/(k**2+j*k**2-1.+j)*i*r**5+k**2/(k**2 
  *+j*k**2-1.+j)*i*r**7/147456.+67.d0/73728.d0*r/k**6/j/(k**2+ 
  *j*k**2-1.+j)*i-161.d0/589824.d0/k**6/j/(k**2+j*k**2-1.+j)* 
  *r**3+27.d0/131072.d0*k**2/j**3/(k**2+j*k**2-1.+j)*r**3 
      s5 = s4+7.d0/32768.d0/k**2/j**2/(k**2+j*k**2-1.+j)*r**5-5.d0/ 
  *16384.d0*r*k**2/j**3/(k**2+j*k**2-1.+j)*i-7.d0/98304.d0/k**4 
  */j**2/(k**2+j*k**2-1.+j)*r**5-5.d0/16384.d0*r/k**8/j**3/(k**2+j* 
     *k**2-1.+j)*i+1./j**3/(k**2+j*k**2-1.+j)*i*r**3/1024. 
      s3 = s5+19.d0/147456.d0*r*k**2/j**2/(k**2+j*k**2-1.+j)*i**2- 
  *1./(k**2+j*k**2-1.+j)*r**9/1474560.+1./r/k**2/(k**2+j*k**2-1.+j)* 
  *i/8192.+211.d0/147456.d0*r/j**2/(k**2+j*k**2-1.+j)*i- 
  *11.d0/36864.d0*r/k**6/(k**2+j*k**2-1.+j)*i+11.d0/18432.d0 
     **r/k**4/(k**2+j*k**2-1.+j)*i+7.d0/12288.d0*r/j/(k**2+j*k**2- 
  *1.+j)*i 
      s4 = s3-19.d0/36864.d0*r/k**6/j**2/(k**2+j*k**2-1.+j)*i-r* 
  *k**2/(k**2+j*k**2-1.+j)*i/18432.-11.d0/36864.d0*r/k**2/(k**2 
  *+j*k**2-1.+j)*i+19.d0/73728.d0*r/k**8/j**2/(k**2+j*k**2-1.+j) 
  **i+r/j/(k**2+j*k**2-1.+j)*i**2/8192.-5.d0/8192.d0*r/k**2 
  */j**3/(k**2+j*k**2-1.+j)*i+25.d0/147456.d0*r/j**2/(k**2+j* 
  *k**2-1.+j)*i**2+r**5/k**4/j**2*i**2/24576.-r**3/k**6/ 
  *j**3*i**2/16384.+27.d0/131072.d0/k**6/j**3/(k**2+j*k**2-1.+j) 
  **r**3+k**2/j/(k**2+j*k**2-1.+j)*i*r**7/147456. 
      s5 = s4+1./k**2/j/(k**2+j*k**2-1.+j)*i*r**7/147456.-3.d0/ 
  *4096.d0/k**2/j/(k**2+j*k**2-1.+j)*i*r**3+81.d0/65536.d0/k**2/ 
  *j**3/(k**2+j*k**2-1.+j)*r**3-1./r/k**6/(k**2+j*k**2-1.+j)*i/ 
  *8192.+83.d0/147456.d0*r/k**4/j**2/(k**2+j*k**2-1.+j)*i 
      s6 = s5-27.d0/32768.d0/k**4/j**3/(k**2+j*k**2-1.+j)*r**3-83.d0/ 
  *147456.d0*r*k**2/j**2/(k**2+j*k**2-1.+j)*i+19.d0/147456.d0/ 
  *k**4/j**2/(k**2+j*k**2-1.+j)*i*r**5 
      s8 = s6 
      s10 = -r/(k**2+j*k**2-1.+j)/5898240. 
      s11 = (2115.+76.*k**12*j**4-11920.*k**6*j**2-1440.*j**5*k**4+8130. 
  **j*k**10-496.*j**3*k**10+1300.*k**10*j**2-84.*j**4*k**10-1440.* 
  *j**5*k**6+440.*k**8*j**4-1116.*j**4*k**2-10575.*k**8+10575.*k**4- 
  *9075.*j*k**4+14585.*k**4*j**2-2115.*k**12+2745.*j**2-8460.*k**2 
     *-1960.*j**3*k**6-2640.*j**4*k**6+84.*j**4-1085.*k**12*j**2-3205.* 
  *k**12*j+131.*k**12*j**3+3240.*j**4*k**4-4105.*j+8460.*k**10+3425. 
  **j**3*k**8+4075.*k**8*j**2-789.*j**3-4575.*j*k**8+5504.*j**3*k**2 
  *+1100.*j*k**6-5815.*k**4*j**3-9700.*k**2*j**2+11730.*j*k**2)/j**3/ 
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  *k**8/(k**4+1.-2*k**2-j+j*k**4) 
      s9 = s10*s11 
      s7 = s8+s9 
      s2 = s7-1./(k**2+j*k**2-1.+j)*r**5/24576.+1./(k**2+j*k**2-1.+j)* 
  *r**7/147456.+r/k**8/j/(k**2+j*k**2-1.+j)/36864. 
      s6 = s2+19.d0/147456.d0/r/k**8/j**2/(k**2+j*k**2-1.+j)*i 
      s8 = s6 
      s10 = r/k**6/5898240. 
      s12 = 1./j**2/(k**2+j*k**2-1.+j) 
      s13 = (2115.+76.*k**12*j**4-11920.*k**6*j**2-1440.*j**5*k**4+8130. 
  **j*k**10-496.*j**3*k**10+1300.*k**10*j**2-84.*j**4*k**10-1440.* 
  *j**5*k**6+440.*k**8*j**4-1116.*j**4*k**2-10575.*k**8+10575.*k**4- 
  *9075.*j*k**4+14585.*k**4*j**2-2115.*k**12+2745.*j**2-8460.*k**2 
     *-1960.*j**3*k**6-2640.*j**4*k**6+84.*j**4-1085.*k**12*j**2-3205. 
  **k**12*j+131.*k**12*j**3+3240.*j**4*k**4-4105.*j+8460.*k**10+3425. 
  **j**3*k**8+4075.*k**8*j**2-789.*j**3-4575.*j*k**8+5504.*j**3*k**2 
  *+1100.*j*k**6-5815.*k**4*j**3-9700.*k**2*j**2+11730.*j*k**2)/(k**4 
  *+1.-2.*k**2-j+j*k**4) 
      s11 = s12*s13 
      s9 = s10*s11 
      s7 = s8+s9 
      s5 = s7-31.d0/147456.d0*k**2/j/(k**2+j*k**2-1.+j)*i*r**5- 
  *23.d0/65536.d0/k**4/j**2/(k**2+j*k**2-1.+j)*r**3 
      s4 = s5-71.d0/589824.d0*k**2/j/(k**2+j*k**2-1.+j)*r**3-15.d0/ 
  *32768.d0*r/k**6/j**3/(k**2+j*k**2-1.+j)+5.d0/16384.d0*r/k**2/j**3/ 
  *(k**2+j*k**2-1.+j)-83.d0/294912.d0*r/k**4/j**2/(k**2+j*k**2-1.+j)+ 
  *173.d0/294912.d0*r/k**2/j**2/(k**2+j*k**2-1.+j)+3.d0/16384.d0*r**3 
  */k**4/j**3*i**2 
      s5 = s4-r**5/k**2/j**2*i**2/12288.+25.d0/131072.d0*k**2/j**2/ 
  *(k**2+j*k**2-1.+j)*r**3-15.d0/16384.d0/r/k**4/j**3/(k**2+j* 
  *k**2-1.+j)*i-19.d0/49152.d0/k**2/j**2/(k**2+j*k**2-1.+j)* 
  *i*r**5+3.d0/32768.d0/k**6/j**2/(k**2+j*k**2-1.+j)*i*r**3 
      s3 = s5+11.d0/18432.d0*r/k**2/j/(k**2+j*k**2-1+j)*i-3.d0/ 
  *2048.d0/k**2/j**3/(k**2+j*k**2-1.+j)*i*r**3-7.d0/32768.d0* 
  *k**2/j**2/(k**2+j*k**2-1.+j)*i*r**3-r/(k**2+j*k**2-1.+j)/ 
  *36864.+k**2*j/(k**2+j*k**2-1.+j)*r**9/1474560.+19.d0/73728.d0/k**4 
  */j/(k**2+j*k**2-1.+j)*r**3-1./k**6/j**3/(k**2+j*k**2-1.+j)*i* 
  *r**3/4096. 
      s5 = s3+3.d0/4096.d0/k**2/j**2/(k**2+j*k**2-1.+j)*r**3-7.d0/ 
  *1179648.d0*k**2/j/(k**2+j*k**2-1.+j)*r**7+5.d0/8192.d0/r/k**2/j**3 
  */(k**2+j*k**2-1.+j)*i+7.d0/98304.d0*k**2/j**2/(k**2+j*k**2- 
     *1.+j)*r**5+5.d0/16384.d0*r/k**4/j**3/(k**2+j*k**2-1.+j)*i**2 
      s4 = s5-19.d0/147456.d0/r/j**2/(k**2+j*k**2-1.+j)*i-11.d0/ 
  *73728.d0*r/k**4/j/(k**2+j*k**2-1.+j)*i**2+1./k**4/j**3/(k**2 
  *+j*k**2-1.+j)*i*r**3/1024.+1./k**4*j/(k**2+j*k**2-1.+j)*r**3 
  */8192.-5.d0/8192.d0*r/k**4/j**3/(k**2+j*k**2-1.+j)*i-7.d0/ 
  *1179648.d0/k**2/j/(k**2+j*k**2-1.+j)*r**7 
      s6 = s4-k**2*j/(k**2+j*k**2-1.+j)*r**7/147456.-1./k**4*j/(k**2+j* 
  *k**2-1.+j)*r**5/49152. 
      s7 = s6+1./r*(-1215.+5105.*k**6*j**2+1440.*j**5*k**4+4245.*j* 
  *k**10+949.*j**3*k**10+3345.*k**10*j**2+84.*j**4*k**10+1440.*j**5 
  **k**6-1836.*k**8*j**4+1116.*j**4*k**2-6075.*k**8-12150.*k**4+3090. 
  **j*k**4-3585.*k**4*j**2-2585.*j**2+6075.*k**2+7135.*j**3*k**6+ 
  *2640.*j**4*k**6-84.*j**4+12150.*k**6-1920.*j**4*k**4+3345.*j+1215. 
  **k**10-6324.*j**3*k**8-7530.*k**8*j**2+789.*j**3-13635.*j*k**8- 
  *4244.*j**3*k**2+12090.*j*k**6+1695.*k**4*j**3+5250.*k**2*j**2- 
  *9135.*j*k**2)/j**3/k**8/(k**4+1.-2*k**2-j+j*k**4)/5898240. 
      s5 = s7-19.d0/73728.d0/r/k**6/j**2/(k**2+j*k**2-1.+j)*i-k**2 
  */j**3/(k**2+j*k**2-1.+j)*i*r**3/4096.+5.d0/32768.d0*r/k**8/ 
  *j**3/(k**2+j*k**2-1.+j) 
      w2 = s5-1./r/j/(k**2+j*k**2-1.+j)*i/36864.+k**2/(k**2+j*k**2 
  *-1.+j)*i*r**3/36864.+7.d0/131072.d0/k**6/j**2/(k**2+j*k**2- 
  *1.+j)*r**3-k**2*j/(k**2+j*k**2-1.+j)*r**3/36864.+19.d0/147456.d0/ 
  *k**6/j/(k**2+j*k**2-1.+j)*i*r**3-7.d0/4096.d0*r/k**4/j/(k**2 
  *+j*k**2-1.+j)*i+k**2*j/(k**2+j*k**2-1.+j)*r**5/49152. 
   w=d*w1+d**3*w2    
   write(16,*) r*cos(th), r*sin(th), w 
   write(17,*) r*cos(th), r*sin(th), f 
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   enddo 
   enddo 
  close (16) 
  close (17) 
              stop 
          end 
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